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2 HU¨LYA ARGU¨Z
Introduction.
Based on a proposal by Mohammed Abouzaid and Bernd Siebert, we suggest an
algebraic geometric approach to understand (a version of) the symplectic cohomology
ring of the Tate curve T minus its central fiber T0 in terms of punctured log Gromov-
Witten theory ([ACGS]) of T . The Tate curve is the easiest non-trivial example of
a (Z-quotient of) a toric degeneration of toric varieties. The method in principle can
however be applied to any variety with a toric degeneration in the sense of ([GS3])
and provides a path between the algebraic-geometric mirror construction of Gross and
Siebert ([GS2]) and homological mirror symmetry.
The Gross-Siebert mirror construction uses a scattering algorithm to build the mir-
ror family of a degenerating family of varieties. In ([GPS]), it is shown that for toric
degenerations of toric surfaces the scattering functions appearing in this algorithm
carry enumerative interpretations in terms of log Gromov-Witten invariants. In more
general cases, when one considers degenerations of log Calabi-Yau varieties, the coordi-
nate ring of the mirror is constructed as a ring generated by theta functions ([GHKS]).
The structure constants in this ring are computed by counts of tropical objects, called
broken lines, which appear in the scattering algorithm. As conjectured by Abouzaid
and Siebert (see also [GS6] and for an analogous conjecture for the more traditional
the case of a Liouville domain [GHK]) there is an expected isomorphism between the
ring of theta functions and the symplectic cohomology ring of the total space of the de-
generation. This in particular implies that the counts of broken lines shall capture the
structure constants in the symplectic cohomology ring as well. To obtain a geometric
interpretation for these counts in terms of log maps, one needs to describe how to patch
broken lines together to tropical objects which then can be viewed as tropicalizations of
log maps. These log maps are expected to fall into the more general category of punc-
tured log maps of [ACGS]. Punctured log Gromov-Witten theory is a generalization of
log Gromov-Witten theory ([GS4], [AC]), which provides a useful algebraic-geometric
framework to study relative Gromov-Witten invariants. In log Gromov-Witten theory
we allow tangency conditions not only on smooth divisors (see [JL] for an algebraic
geometric approach to relative Gromov-Witten theory in this case) but also on divi-
sors with normal crossing singularities. In punctured log Gromov-Witten theory one
furthermore allows negative tangency orders at certain points, referred to as punctured
points. We will review this briefly in §9. The structure constants of the symplectic
cohomology ring is suggested to be described in terms of counts of these punctured log
Gromov-Witten invariants as conjectured in [GS6]. Throughout this paper we work
this out for case of the Tate curve.
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To understand the symplectic cohomology ring of the Tate curve minus its central
fiber, based on discussions of Abouzaid and Siebert, we first go through the Lagrangian
Floer theory of the general fiber of the Tate curve, the elliptic curve E. The Fukaya
category of E is well-understood and is equivalent to the tropical Morse category of E
(§8 [C], [AGS]). The tropical Morse category provides a combinatorial tool to compute
structure constants in Lagrangian Floer cohomology by counts of tropical Morse trees,
which for the elliptic curve case are trees mapping into S1. These structure constants
match with the structure constants in the symplectic cohomology ring of the Tate curve
minus its central fiber by the isomorphisms in 3.1. We use the structure of tropical
Morse trees to describe tropical objects called tropical corals on the truncated cone over
S1 corresponding to tropical Morse trees on S1 (§3.2). Tropical corals are constructed
by patching together broken lines on the truncated cone over S1 (3.5).
The method we use to build tropical corals, tropicalizations of log corals, suggest
relationships between the symplectic cohomology ring of the total space of a degener-
ation similar to our case (the mapping cylinder of a non-Hamiltonian isotopy, given
by the Dehn twist in the case of the Tate curve) and Lagrangian Floer theory of the
general fiber which we overview in §3. This will be studied further in [APT].
We prove that tropical corals are tropicalizations of special types of log maps called
log corals in the degeneration of the Tate curve in Theorem 6.8. Log corals are gen-
eralised log maps admitting non-complete components defined in section §5. These
non-complete components capture the behaviour of punctured points in punctured log
Gromov-Witten theory. We show in §9 that log corals in the central fiber T0 × A1
of a degeneration of the Tate curve, correspond to punctured log maps of the cen-
tral fiber T0 of the Tate curve. Hence, putting everything together we interpret the
structure constants in symplectic cohomology (in this special case for the Tate curve)
by punctured log invariants as conjectured in [GS6]. More general cases to approach
symplectic cohomology via punctured log Gromov-Witten theory directly, by-passing
the Lagragian Floer theory, will be studied by Gross and Siebert in future work.
The outline of this paper is as follows. In section 1.1 we will describe the Tate curve
T as the total space of a degeneration of elliptic curves E to a nodal elliptic curve. We
then describe a further degeneration of the total space T into the product T0×A1. This
uses the construction of a truncated cone, as in [GHKS]. Siebert, observed that tropical
Morse trees can be viewed as projections of ordinary tropical curves on the truncated
cone (§4.5, [GHKS]). Backwards engineering, we describe how to lift a tropical Morse
tree to a tropical coral on the truncated cone in the proof of Theorem 3.5. Tropical
corals and their counts are worked out independently in §2. We describe log corals
and their counts in section §5. Our main result in this paper is the correspondence
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theorem between log and tropical corals which we prove in section §7. We do this by
first showing that log corals extend uniquely to proper log maps as in [GS4], which is
the technical part of this paper (2.14). We then arrive at a more comfortable situation
where we can apply the machinery of ([NS],[GPS]). While setting up the counting
problems of log and tropical corals we initially relax some transversality assumptions
in [NS] and then in section §7.2 show that one can reduce a torically non-transverse
situation similar to ours to the torically transverse case treated in [NS]. Our main
result in this paper is the following theorem.
Theorem 0.1. (7.8)
Choosing incidence conditions in a certain stable range, the count of log corals is well-
defined (and each log coral in the count is unobstructed). Moreover, the number of
tropical corals agrees with the number of log corals.
Note that setting up a suitable log holomorphic deformation theory for log corals
(similarly as in ([NS],§7) one can deform them from the central fiber to the general fiber
of the degeneration of the Tate curve, into holomorphic cylinders inside the Tate curve.
These cylinders will look like thickenings of the corresponding tropical corals, that are
tropicalizations of the log corals. Tropical corals with only two positive ends and one
negative end will deform to pairs-of-pants and thus provide a tropical interpretation
for the pair-of-pants product in the symplectic cohomology ring. We however study
tropical corals throughout this paper with many positive and negative ends, as we
believe, based on discussions with Oliver Fabert (see [F2]), that we can also understand
the L∞ structure in symplectic cohomology using tropical and log corals. We leave the
tropical study of the L∞ structures for future work.
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not the least, I am grateful to my current mentor Tom Coates for his great support
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Conventions. We work in the category of schemes of finite type over the complex
number field C, though in general one can work over any algebraically closed field k of
characteristic 0. We fix
N = Zn, NR = N ⊗Z R, M = Hom(N,Z), MR = M ⊗Z R
If Σ is a fan in NR then X(Σ) denotes the associated toric C-variety with big torus
IntX(Σ) ' G(N) ⊂ X(Σ), whose complement is referred to as the toric boundary of
X(Σ). For a subset Ξ ⊂ NR, L(Ξ) ⊂ NR denotes the linear space associated to Ξ,
which is the linear subspace spanned by differences v − w for v, w in Ξ.
Given a monoid P , define the monoid ring
C[P ] :=
⊕
p∈P
Czp
where zp is a symbol and multiplication is determined by zp · zp′ = zp+p′ .
1. The Tate curve and its unfolding
The Tate curve T is a curve over the complete discrete valuation ring
R := C[u]
where C[u] is the ring of formal power series in u with coefficients in C. It is a degener-
ation of elliptic curves; a family T → D where D is D = SpecC[u]. The construction
of the Tate curve is a special case of a construction of Mumford for degenerations of
abelian varieties ([Mu]). For details of the construction see also ([C],8.4). In this sec-
tion, we will first construct the unfolded Tate curve and its degeneration, where both
are particular cases of a toric degeneration of a toric variety ([GS3],[NS]). The Tate
curve will then be obtained as a quotient of the unfolded Tate curve by an action of Z.
The initial data to construct the unfolded Tate curve, consists of the tuple (R,Pb)
where B = R is viewed as an integral affine manifold (Defn 2.2, [GS7]) andPb, b ∈ Z>0
is a b-periodic polyhedral decomposition of R defined as follows.
Definition 1.1. Let
Ξj := [jb, (j + 1)b], j ∈ Z
be a closed interval of integral length b in R. Let
Ξ′j := Ξj ∩ Ξj+1
be a common face of two such intervals. The integral b-periodic polyhedral decomposition
Pb of R is the covering
Pb := {Ξj} ∪ {Ξ′j}
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of R, where j ∈ Z. We refer to each Ξj and Ξ′j as a cell of Pb. The maximal cells of
Pb are the faces Ξj, j ∈ Z, and the vertices of Pb are the 0-faces Ξ′j, j ∈ Z.
For each cell Ξj ∈Pb we define the convex polyhedral cone
C(Ξj) = R≥0 · (Ξj × {1}).
We use the cone C(Ξj) to define the toric fan
(1.1) Σ˜Pb := {σ a face of C(Ξj) | Ξj ∈Pb}
associated to Pb. The fan Σ˜Pb has support in (R × R>0) ∪ {(0, 0)}. The projection
R2 → R2/R = R onto the second factor defines a map of fans Σ˜Pb → {0,R≥0} which
induces the morphism
pi : X −→ A1
referred to as the unfolded Tate curve. We illustrate the map of fans in the following
figure.
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B = R
We can find the general and special fibers of pi : X −→ A1 by examining the pre images
of the cones {0} and R≥0 in the fan for A1 under the height function (see Lemma 3.4
and Proposition 3.5 in [NS] for details). Since each Ξj ∈Pb is bounded, we obtain the
asymptotic fan (Defn 3.1, [NS]) ΣPb as the fan consisting of the single point (0, 0) ∈ R2.
Therefore, the degeneration pi : X → A1 associated to (R,Pb) satisfies
(1.2) pi−1(A1 \ {0}) = Gm × (A1 \ {0})
where Gm is the algebraic torus and hence the general fiber of pi : X → A1 is
Xt = Gm
For details of the construction of the general fiber we refer to Lemma 3.4 in [NS].
The central fiber X0 of pi : X → A1 is determined as follows. For each vertex v ∈Pb
let
Σv = {R≥0 · (Ξ− v) ⊂ R | Ξ ∈P, v ∈ Ξ}
So, Σv is the fan of the toric variety
Xv = P1
Similarly, each closed interval Ξ ∈Pb defines a fan ΣΞ for the toric variety XΞ which
is a point of intersection of Xv and Xv′ where v and v
′ denote the vertices adjacent
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to Ξ. Hence, we obtain X0 as an infinite chain of projective lines P1, glued pairwise
together along an Ab−1 singularity in X.
Before proceeding with the definition of the Tate curve, we would like to describe
an affine cover for the total space of the unfolded Tate curve. For this, fix a b-periodic
polyhedral decompositionPb of R and let Ξ := [a, a+ b] ⊂ R be a maximal cell ofPb,
so that
(1.3) C(Ξ) = C((a, 1), (a+ b, 1)) ⊂ NR
where we describe the cone C(Ξ) over Ξ in terms of the integral ray generators (a, 1)
and (a+ b, 1)of its edges. We will use an analogous notation throughout this section.
(1.4) C(Ξ)∨ = C((1,−a), (−1, a+ b)) ⊂MR
The generators of the monoid ring C[C(Ξ)∨ ∩M ] associated to C(Ξ)∨ are
{z(1,−a), z(−1,a+b), z(0,1)}
The isomorphism
ϕ : C[C(Ξ)∨ ∩M ] −→ C[x, y, u]/(xy − ub)
z(1,−a) 7−→ x
z(−1,a+b) 7−→ y
z(0,1) 7−→ u
gives us an affine cover for the total space of the unfolded Tate curve, given by a
countable number of copies of
(1.5) SpecC[x, y, u]/(xy − ub)
Now to define the Tate curve, first define
Xˆ = lim
−→
Xk = (X0, lim←−
OX/uk+1)
where Xk is the k-th order thickening of pi−1(0), that is, the subscheme of the unfolded
Tate curve pi : X → SpecC[u] defined by the equation uk+1 = 0. There is an action
of Z on Xˆ, induced by the action of Z on the fan Σ˜Pb , given by translation by b. The
quotient Xˆ/Z makes sense as a formal scheme. There is a map of formal schemes
Tˆ : Xˆ/Z→ Aˆ
induced by pi. Here Aˆ = SpfC[u]. Since, there is an ample line bundle L over Xˆ/Z
([C], pg. 620), Grothendieck’s Existence Theorem ([Gr], 5.4.5) ensures that Xˆ/Z arises
as the formal completion of a scheme
T → SpecC[[u]]
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which we refer to as the Tate curve.
Note that the generic fibre of the Tate curve, is an elliptic curve over C((u)) and the
central fiber is a nodal elliptic curve.
In section 8, we will see that the invariants that we compute on the Tate curve lift
uniquely to the unfolded Tate curve, so for computational convenience we will disregard
the Z-quotient in the next sections.
1.1. The degeneration of the unfolded Tate curve. In this section we will con-
struct a degeneration of the unfolded Tate curve. For this we need the following defi-
nitions which we state for a general integral affine manifold B ⊂ NR endowed with a
polyhedral decomposition P.
For a cell Ξ ∈P, let C(Ξ) be the closure of the cone spanned by Ξ×{1} in NR×R:
(1.6) C(Ξ) :=
{
a · (n, 1) ∣∣ a ≥ 0, n ∈ Ξ}
Define the cone C(B) over B as the polyhedral decomposition
C(B) =
⋃
Ξ∈P
C(Ξ)
with cells C(Ξ) for Ξ ∈ P. Note that C(B) ⊆ NR × R admits an integral affine
structure with a singularity at the origin in NR × R ([GHKS],4.11).
Definition 1.2. The truncated cone CB over B ⊂ NR is the manifold with boundary
with underlying topological space
CB := {(x, h) ∈ C(B) | h ≥ 1}
in the cone C(B), endowed with the induced affine structure. It admits a polyhedral
decomposition CP with cells
CΞ := {(x, h) ∈ C(Ξ) | h ≥ 1, Ξ ∈P}
The maximal cells of CP are the cells CΞ such that Ξ is a maximal cell of P.
The initial data to construct the degeneration of the unfolded Tate curve consists
of the tuple (CR, CPb). Here, CR is the truncated cone over R endowed with the
polyhedral decomposition CPb with maximal cells CΞ, where Pb is the b-periodic
polyhedral decomposition of R.
Let C(CΞ) be the cone over CΞ and define the toric fan
Σ˜CPb := {σ a face of C(CΞ) | CΞ ∈ CPb}
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and let Y be the toric variety associated to Σ˜CPb . The projection map
(pr2, pr3) : R× R× R −→ R× R
(x, y, z) 7−→ (y, z)
onto the second and third factors defines a map of fans
(pr2, pr3) : Σ˜CPb −→ {0,R≥0} × {0,R≥0}
(1.7)
which induces a morphism
p˜i : Y → SpecC[s, t]
referred to as the degeneration of the unfolded Tate curve. The following figure illus-
trates Σ˜CPb together with the projection map (pr2, pr3).
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The truncated cone
pr3
pr2
The cone over the truncated cone
ΣA1t
ΣA1s
As in §1 before, Y defines a toric degeneration, this time of the Tate curve T into
Y0 := A1s ×X0
where Y0 is the central fiber of Y → SpecC[s, t] over t = 0.
Now, to define an affine cover for Y , let Ξ := [a, a + b] be a maximal cell of Pb so
that
C(C(Ξ)) = C((a, 1, 1), (a+ b, 1, 1), (a+ b, 1, 0), (a, 1, 0))
Its dual C(C(Ξ))
∨
is given by
(1.8) C(C(Ξ))
∨
= C((0, 1,−1), (−1, a+ b, 0), (0, 0, 1), (1,−a, 0))
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The isomorphism
ϕ˜ : C[C(CΞ)∨ ∩ (M ⊕ Z)] −→ C[x, y, s, t]/(xy − (st)b)
z(1,−a,0) 7−→ x
z(−1,a+b,0) 7−→ y
z(0,1,−1) 7−→ s
z(0,0,1) 7−→ t
defines an affine cover for the total space Y of the degeneration of the unfolded Tate
curve, given by a countable number of copies of
(1.9) SpecC[x, y, s, t]/(xy − (st)b
Theorem 1.3. The degeneration p˜i : Y → SpecC[s, t] of the unfolded Tate curve is
obtained from pi : X → SpecC[u] by the base change u 7→ st.
Proof. Let Ξ := [a, a+b] ⊂ R be a maximal cell ofPb and let CPb be the corresponding
maximal cell in CΞ. Then, the projection map
(pr1, pr2) : NR × R× R −→ NR × R
C(CΞ) 7−→ C(Ξ)
defines a map of fans from the fan Σ˜Pb defined in 1.1 and Σ˜CPb defined in 1.7. Hence,
the compatibility of the gluing of affine patches follows. The dual of (pr1, pr2) induces
the embedding
j : C(Ξ)∨ ↪→ C(CΞ)∨
(m1,m2) 7→ (m1,m2, 0)
With Equation 1.4 and Equation 1.8, we obtain
C(CΞ)∨ = j(C(Ξ)∨) + R≥0(0, 1,−1) + R≥0(0, 0, 1)
Let
φj : C[C(Ξ)∨ ∩M ]→ C[C(CΞ)∨ ∩M ⊕ Z]
be the map induced by j : C(Ξ)∨ ↪→ C(CΞ)∨ on the level of monoid rings. Explicitly,
we have
φj : C[C(Ξ)∨ ∩M ] −→ C[C(CΞ)∨ ∩M ⊕ Z]
x := z(1,−a) 7−→ z(1,−a,0) = x
y := z(−1,a+b) 7−→ z(−1,a+b,0) = y
u := z(0,1) 7−→ z(0,1,0) = z(0,1,−1) · z(0,0,1) = st
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Hence, we obtain
ϕ˜ ◦ φj ◦ ϕ : C[x, y, u]/(xy − ub) −→ C[x, y, s, t]/(xy − (st)b)
x 7−→ x
y 7−→ y
u 7−→ st
where ϕ is the isomorphism defined in 1.5 and ϕ˜ is the isomorphism defined in 1.9.
Hence, we obtain p˜i : Y → SpecC[s, t] from pi : X → SpecC[u] by the base change
u 7→ st. 
2. A tropical counting problem
2.1. Tropical corals. Let Γ¯ be a simplicial complex. Denote by
V (Γ¯) the set of vertices of Γ¯
Vk(Γ¯) the subset of vertices of valency k in V (Γ¯)
E(Γ¯) the set of edges of Γ¯
∂e the set of vertices adjacent to an edge e ∈ E(Γ¯).
A bilateral graph is a finite, connected 1-dimensional simplicial complex Γ¯ such that:
(i) Γ¯ has no divalent vertices.
(ii) There is a partition
V (Γ¯) = V +(Γ¯) q V 0(Γ¯) q V −(Γ¯)
of the set of vertices into positive vertices V +(Γ¯) := {v+1 , · · · , v+l }, interior
vertices V 0(Γ¯), and negative vertices V −(Γ¯) := {v−1 , · · · , v−m}, where l, m ≥ 1.
We write V −k (Γ¯) for the set of negative vertices of valency k.
(iii) All positive vertices are univalent, and no interior vertices are univalent:
V1(Γ¯) = V
−
1 (Γ¯)q V +(Γ¯)
(iv) The first Betti number of Γ¯ is zero.
For each v ∈ V −1 (Γ¯), let ev be the edge adjacent to v. Throughout this section we
omit the case where the cardinalities of both V −1 (Γ¯) and of E(Γ¯) are one, as it can be
treated easily in all the arguments we use. So, by connectivity of Γ¯, for each v ∈ V −1 (Γ)
there exists v′ ∈ V 0(Γ) such that ∂ev = {v, v′}. We refer to v′ as the interior vertex
associated to v.
A coral graph Γ is the geometric realization |Γ¯| of a bilateral graph Γ¯, with positive
vertices removed:
(2.1) Γ := |Γ¯| \ V +(Γ¯)
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We call an edge e a half-edge if ∂e is a single vertex. Note that a coral graph Γ contains
half-edges
E+(Γ) := {ei | ei = e+i \ {v+i } where e+i ∈ E(Γ¯), v+i ∈ V +(Γ¯) and v+i ∈ ∂e+i }
referred to as the set of positive edges of Γ. A k-labelled coral graph (Γ,E) is a coral
graph Γ together with a choice of an ordered k-tuple of positive edges
E = (E1, . . . , Ek) ⊂ E+(Γ)
We sometimes say (Γ,E) is a labelled coral graph if it is k-labelled for k ∈ N \ 0. The
set
Eb(Γ) := E(Γ) \ E+(Γ)
is referred to as the set of bounded edges of Γ, and the set
V −(Γ) := V −(Γ¯)
is referred to as the set of negative vertices of Γ. Consider the additional datum of
a function wΓ¯ : E(Γ) → N \ {0} called the weight function on E(Γ). The image of
e ∈ E(Γ) under w is referred to as the weight of e.
Definition 2.1. Let (Γ, w) be a coral graph Γ endowed with a weight function w. A
parameterized tropical coral in CR is a proper map
h : Γ→ CR
satisfying the following:
(i) For all e ∈ E(Γ), the restriction h|e is an embedding and h(E) is contained in
an integral affine submanifold of CR.
(ii) For all v ∈ V 0(Γ¯);
h(v) ∈ CR \ ∂CR
where ∂CR denotes the boundary of the truncated cone CR. Moreover, the
following balancing condition holds:
k∑
j=1
w(ej)uj = 0
where {e1, . . . , ek} ⊂ E(Γ) is the set of edges adjacent to v, w(ei) ∈ N \ {0} is
the weight on ej and uj ∈ N is the primitive integral vector emanating from
h(v) in the direction of h(ej) for j = 1, . . . , k.
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(iii) For all v ∈ V −(Γ), we have h(v) ∈ ∂CR and there exists wv ∈ N\{0} associated
to v, referred to as the weight on v such that the following balancing condition
holds:
wv · uv +
k∑
j=1
w(ej)uj = 0
where {e1, . . . , ek} ⊂ E(Γ) is the set of edges adjacent to v and uv ∈ N is the
primitive integral vector emanating from h(v) in the direction of the origin in
NR.
(iv) For all e ∈ E+(Γ), the restriction to h(e) of the projection map
pr2 : CR→ [1,∞)
onto the second factor is proper.
(v) For all v ∈ V (Γ); h(v) ∈ NQ = N ⊗ZQ, where Q is the set of rational numbers.
An isomorphism of tropical corals h : Γ→ CR and h′ : Γ′ → CR is a homeomorphism
Φ : Γ → Γ′ respecting the weights of the edges and such that h = h′ ◦ Φ. A tropical
coral is an isomorphism class of parameterized tropical corals. A k-labelled tropical
coral denoted by
(Γ,E, h)
is a tropical coral h : Γ→ CR together with a choice of an ordered k-tuple of positive
edges E = (e1, . . . , ek) ⊂ E+(Γ).
The definition of a tropical coral can be generalized to tropical corals in CB, for any
integral affine manifold B. Indeed in §8, to study the invariants of the Tate curve, we
shall apply the quotient given by the Z-action on (R,Pb) and work over
B := C(R/Z) = CS1
Then, condition (iv) of the definition 2.1 will ensure that there is no infinite wrapping
of the unbounded edges of tropical corals in CS1.
Example 2.2. We illustrate a bilateral graph Γ¯, a coral graph Γ and a tropical coral
h : Γ → CR in the following figure. We draw dashed lines in the most right picture
to illustrate that if we extend the image of an edge adjacent to a univalent negative
vertex we obtain a line passing through the origin in R2 and that a negative vertex of
higher valency the balancing condition iii in the Definition 2.1 is satisfied.
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v01
v−1
v−2
v02 v03
h(v01)
h(v−1 )
h(v02) h(v03)
h(v−2 )
v01
v+3
v+4v−2
v+5
v−1
v+1
v+2
v02 v03
Γ¯ h : Γ→ CRΓ = |Γ¯| \ V +(Γ¯)
Definition 2.3. We call a tropical coral h : Γ→ CR general if all interior vertices are
trivalent and all negative vertices are univalent. Otherwise it is called degenerate.
2.2. Incidences for tropical corals.
Definition 2.4. Let (Γ,E) be a labelled coral graph. Let
F (Γ) = {(v, e) | e ∈ E(Γ) and v ∈ ∂e}
be the set of flags of Γ. The tuple (Γ, u) consisting of Γ and a map
u : F (Γ) q V −(Γ) −→ N
F (Γ) 3 (v, e) 7−→ uv,e
V −(Γ) 3 v 7−→ uv
where uv and uv,e are primitive integral vectors in N , is referred to as the type of Γ.
Definition 2.5. The type of a tropical coral (Γ,E, h) is the type (Γ, u) of (Γ,E) where
the map u : F (Γ) q V −(Γ) → N is given by assigning to each (v, e) ∈ F (Γ) the
primitive integral vector uv,e ∈ N emanating from h(v) in the direction of h(e) and
assigning to each v ∈ V −(Γ) the primitive integral vector uv ∈ N emanating from h(v)
in the direction of the origin.
We denote the set of tropical corals of type (Γ, u) by
T(Γ,u)
To set up our counting problem we define tropical incidence conditions,
(∆, λ)(2.2)
where ∆ is referred to as the degree and λ is referred to as an asymptotic constraint,
which we define in a moment. We first set up the following conventions:
N0 := {n ∈ N | pr2(n) = 0}
N>0 := {n ∈ N | pr2(n) > 0}
N<0 := {n ∈ N | pr2(n) < 0}
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where N = Z2. Moreover, given a set A we denote by |A| the cardinality of A.
Definition 2.6. The degree of a type (Γ, u) of a coral graph Γ, denoted by
∆ := (∆,∆)
is the map ∆ : N \N0 → N of finite support given by
∆ =
{
∆ on N>0
∆ on N<0
where
∆(n) :=
∣∣ {(v, e) ∈ F (Γ) | e ∈ E+(Γ) and w(e) · uv,e = n} ∣∣
∆(n) :=
∣∣ {v ∈ V −(Γ) ∣∣wv · uv = n} ∣∣
where w(e) is the weight on e ∈ E(Γ), uv,e := u((v, e)), wv is the weight on v ∈ V −(Γ),
and uv := u(v).
Definition 2.7. The degree of a tropical coral h : Γ→ CR is the degree of its type.
In other words, the degree of a tropical coral is the abstract set of directions of
unbounded edges together with their weights, with repetitions allowed.
Remark 2.8. Note that ∣∣ ∆ ∣∣:= ∑
n∈N>0
∆(n)
is equal to the number of unbounded edges of h and∣∣ ∆ ∣∣:= ∑
n∈N<0
∆(n)
is equal to the number of negative vertices of h.
Definition 2.9. An asymptotic constraint of k-incidences for a k-tuple of integral
vectors (u1, . . . , uk) ⊂ NR is a k-tuple
λ = (λ1, . . . , λk) ∈
k∏
i=1
NR/R · ui
Let (Γ, u) be the type of a k-labelled coral graph (Γ,E) where E = (e1, . . . , ek) with
ei ⊂ E+(Γ) for i = 1, . . . , k. Assume ∂ei = vi ∈ V 0(Γ) and let
ui := u((vi, ei)) ⊂ N.
Note that the integral vectors u1, . . . , uk are determined by the degree ∆ of (Γ, u).
An asymptotic constraint of k-incidences for the degree ∆ of (Γ, u) is an asymptotic
constraint for the k-tuple of integral vectors (u1, . . . , uk). An asymptotic constraint
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λ = (λ1, . . . , λk) ∈
∏k
i=1NR/R · ui for a tropical coral h : Γ → CR is an asymptotic
constraint for its type.
Definition 2.10. Given an asymptotic constraint λ = (λ1, . . . , λk) for h : Γ → CR,
we say h matches λ if, for 1 ≤ i ≤ k, the image of h(ei) under the quotient map
NR −→ NR/ui · R is λi. Let λ = (λ1, . . . , λk) be an asymptotic constraint for the type
(Γ, u) of a tropical coral and assume the degree of the type (Γ, u) is ∆ = (∆,∆). Then,
we call λ general for ∆ if the following conditions are satisfied:
(i) k = |∆| − 1.
(ii) any tropical coral of degree ∆ = (∆,∆) with k = |∆|−1, matching λ is general.
Remark 2.11. A non-general tropical coral can always be deformed into a general
tropical coral analogously to the case of tropical curves ([M],§2). This is possible since
non-general types of tropical corals are obtained by taking the limit of the lengths of
some edges in general types of tropical corals to zero. It follows that the non-general
tropical corals of a given type (Γ, u) form a lower dimensional strata of the moduli
space T(Γ,u) similar to ([M], Proposition 2.14). Hence, the types of the non-general
corals form a nowhere dense subset in the space of constraints. This ensures the
existence of general constraints.
We denote the set of tropical corals of type (Γ, u) matching a general constraint λ by
T(Γ,u)(λ)
2.3. Extending a tropical coral to a tropical curve. Let Γ = |Γ¯|\V +(Γ¯) be a coral
graph as in 2.1. The extension of the bilateral graph Γ¯ is the graph ˜¯Γ obtained from Γ¯
first by removing all univalent negative vertices V −1 (Γ¯) and then by inserting half-edges
e with ∂e = v at every negative vertex v ∈ V −n (Γ¯) for n > 1. The extension of the coral
graph Γ, denoted by Γ˜ is the geometric realization ˜¯Γ. Note that the extension ˜¯Γ of a
bilateral graph contains half-edges
E−n (Γ˜) = {e | ∂e = v for v ∈ V −n (Γ¯) for n > 1}
E−1 (Γ˜) = {e | e = ev− \ v−, where ev− ∈ E(Γ¯), v− ∈ V −1 (Γ¯) and v− ∈ ∂ev−}
E+(Γ˜) = E+(Γ¯)
We call the set
E−(Γ˜) = E−1 (Γ˜)q E−n (Γ˜)
the set of negative edges of Γ˜ and the set E+(Γ˜) the set of positive edges. The set
E∞(Γ˜) := E+(Γ˜)
⋃
E−(Γ˜)
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is the set of the unbounded edges of Γ˜. We endow an extended coral graph Γ˜ with a
weight function
w˜ : E(Γ˜)→ N \ {0}
as follows. Let wv ∈ N \ {0} be as in Definition 2.1, iii and w : E(Γ)→ N \ {0} be the
weight function of E(Γ). Then, we define w˜ by w˜ = w on E(Γ˜) \ E−(Γ˜) and
w˜(e) =
{
w(ev−) for e = ev− \ v− ∈ E−1 (Γ˜)
wv for e ∈ E−n (Γ˜) and ∂e = v, for v ∈ V −n (Γ¯)
Construction 2.12. Let h : Γ → CR be a tropical coral of type (Γ, u). Then, recall
that for every v ∈ V −(Γ) we have a primitive integral vector u(v) = uv ∈ N associated
to v defined as in 2.5. Let Γ˜ be the extension of the coral graph Γ. The tropical
extension of h, is the map h˜ : Γ˜→ R2 defined as
h˜ =
{
h on Γ˜ \ E−(Γ˜)
uv · R≥0 for ev ∈ E−(Γ˜)
Note that the origin is not a vertex of V (Γ˜) and hence the Betti number of Γ˜ is the
same as the Betti number of Γ which is zero.
Example 2.13. The following figure illustrates a tropical coral h : Γ → CR and its
extension h˜ : Γ˜→ R2.
h˜ : Γ˜→ R2h : Γ→ CB
The tropical extension h˜ : Γ˜→ R2 is a particular kind of a tropical curve defined as
in ([NS], Definition 1.1). We define the type (Γ˜, u˜) and the degree ∆˜ of h˜ analogously as
in ([NS], pg 4). Note that the degree and type of a tropical coral uniquely determines
the degree and type of its extension and vice versa. Finally, observe that h : Γ→ CR
matches the general constraint
λ = (λ1, . . . , λk) ∈
k∏
i=1
NR/R · ui
18 HU¨LYA ARGU¨Z
if and only if the tropical extension h˜ : Γ˜→ R2 matches the general constraint
(2.3) λ˜ = (λ1, . . . , λk, 0, . . . , 0) ∈
k∏
i=1
NR/R · ui ×
m∏
j=1
NR/u
−
j · R
where m = |V −(Γ)|. We refer to (∆˜, λ˜) as the tropical incidences on the extension and
denote by
T(Γ˜,u˜)(λ˜)
the set of tropical curves of type (Γ˜, u˜) matching a constraint λ˜.
Lemma 2.14. The map given by
T(Γ,u)(λ) −→ T(Γ˜,u˜)(λ˜)
h 7−→ h˜
where h˜ : Γ˜→ R2 is the tropical extension of h : Γ→ CR, is injective.
Proof. The result is an immediate consequence of the construction 2.12. 
Proposition 2.15. For any map ∆ ∈ Map(N \ {N0},N) of finite support, there are
only finitely many types of tropical corals of degree ∆.
Proof. Let h˜ : Γ˜→ R2 be the extension of h : Γ→ CR. Then, h˜ has degree ∆˜ = ∆. By
Proposition 2.1 in [NS] there are only finitely many types of tropical curves of degree
∆˜. Since h is obtained by the restriction of h˜, the result follows. 
The number of types of tropical corals of same degree can be enumerated analogously
to the case of tropical curves ([M] §4, [NS] Rmk 2.2).
2.4. The space of general tropical corals of fixed type. The main result in this
section is that the space T(Γ,u) of general tropical corals of given type (Γ, u) is a convex
polyhedron of dimension l − 1 where l is the number of unbounded edges of Γ.
Proposition 2.16. The set T(Γ,u) of general tropical corals of type (Γ, u) is embedded
into Rl−1>0 .
Proof. Let (h : Γ→ CB) ∈ T(Γ,u) be a general tropical coral with m negative vertices
and l unbounded edges. For any vertex v of Γ, let
ρ(v) = | pr2(h(v))|
where pr2 : R2 −→ R is the projection map onto the second factor. Note that since Γ
is general, it has m+ l−2 interior vertices and l−2 among them, which we will denote
by
{v01, . . . , v0l−2} ⊂ V 0(Γ)
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are not adjacent to any negative vertex. Choose a vertex v ∈ V 0(Γ) \ {v01, . . . , v0l−2}
and define
Φ : T(Γ,u) ↪→ Rl−1>0
h 7→ (ρ(v), ρ(v01), . . . , ρ(v0l−2))
We claim that fixing (ρ(v), ρ(v01), . . . , ρ(v
0
l−2)) ∈ Rl−1>0 determines h ∈ T(Γ,u) uniquely.
First, observe that the positions of images of all negative vertices V −(Γ) under h
are fixed by the degree of (Γ, u). The position of h(v) for the chosen v ∈ V 0(Γ) \
{v01, . . . , v0l−2} is also fixed since v is connected to a negative vertex v− ∈ V −(Γ) and
by the type of h we know direction vectors of the images all edges E(Γ) (in particular
the direction vector of the edge e with ∂e = {v, v−}). Together with ρ(v) ∈ R>0 this
determines h(v). Now, we proceed inductively. Assume we know h(v) for an interior
vertex v/inV 0(Γ). Then, we claim we can determine h(v′) for any vertex v′ ∈ V 0(Γ)
adjacent to v. There are two cases: the first case is v′ ∈ {v01, . . . , v0l−2}. Then, the type
of h and together with ρ(v′) ∈ R>0 determine the position of h(v′). The second case
is v′ /∈ {v01, . . . , v0l−2} then v′ is adjacent to a negative vertex v−′ ∈ V −(Γ). Since we
know h(v−′) as well as h(v) where v and v−′ are adjacent to v′, together with the type
of h this determines h(v′). Hence the claim follows. Thus, Φ is injective and defines
an embedding of T(Γ,u) into Rl−1≥0 . 
The embedding Φ above induces a natural integral affine structure on T(Γ,u). In the
remaining part of this section we will prove that there is an affine submersion of T(Γ,u)
onto a l−1 dimensional affine space. For this, we will first introduce coral blocks which
will be the building blocks of tropical corals.
Let Γm,l = | ¯Γm,l| \ V −( ¯Γm,l) be a coral graph, defined as in 2.1, with m negative and
l positive vertices. Let Γ¯′m,l ⊂ Γ¯m,l be the connected tree whose sets of vertices and
edges are given by
V (Γ¯′m,l) = V
0(Γ¯′m,l)
E(Γ¯′m,l) = E
b(Γ¯m,l)
where V 0(Γ¯′m,l) and E
b(Γ¯m,l) are respectively the sets of interior vertices and bounded
edges of Γ¯m,l.
Remark 2.17. Given a general tropical coral h : Γ → CR, with V −(Γ) = {v1, . . . , vm}
the set of points
h(V −(Γ)) := {h(v1), . . . , h(vm)}
is ordered by the standard ordering in ∂CR = R. Let vmin and vmax be elements of
V −(Γ) which map to the minimal and maximal elements of h(V −(Γ)). Let vr, vl ∈
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V 0(Γ) be adjacent to vmin and vmax respectively. We refer to vr and vl as the right-
most and left-most interior vertices of Γ. We will use the analogous definition for coral
blocks.
Definition 2.18. Let Γm,l be a coral graph with m negative and l positive vertices. A
coral block is a map
h : Γm,l → R2
satisfying all conditions of a tropical coral 2.1 except (iv) is relaxed to hold on all but
one of the positive edges e ∈ E+(Γm,l). We demand ∂e = v ∈ V 0(Γm,l) to be adjacent
to either the right-most or to the left-most interior vertex of Γm,l. We allow the image
of e under h to be contained in R2 \ 0, where 0 denotes the origin in R2.
Example 2.19. The following picture illustrates a coral block h : Γ5,5 → R2.
v−1 v
−
2 v
−
3 v
−
4 v
−
5
The type of a coral block h : Γm,l → CR2 is defined analogously to the type of a
tropical coral and is denoted by (Γm,l, u). The set of isomorphism classes of coral blocks
of a given type (Γm,l, u) is denoted by T(Γm,l,u).
Definition 2.20. We call a coral block h : Γm,l → R2 general if the following conditions
hold:
(i) All vertices v ∈ V 0(Γm,l) are trivalent.
(ii) All vertices v ∈ V −(Γm,l) are univalent.
Otherwise it is called degenerate.
Construction 2.21. We will in a moment describe how to construct a coral block by
gluing two coral blocks. Let
(h1 : Γ
1
m1,l1
→ R2) ∈ T(Γm1,l1 ,u1) and (h2 : Γ2m2,l2 → R2) ∈ T(Γm2,l2 ,u2)
be coral blocks with edges
e1 ∈ E+(Γm1,l1) such that e1 is adjacent to v1 ∈ V 0(Γm1,l1)
e2 ∈ E+(Γm2,l2) such that e2 is adjacent to v2 ∈ V 0(Γm2,l2)
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Let
w1 : E(Γm1,l1)→ N \ {0} and w2 : E(Γm2,l2)→ N \ {0}
be the weight functions and assume furthermore we have w1(e1) = w2(e2) and
ue1 = −ue2
where uei denotes the primitive integral vector emanating from vi in the direction of
ei. Let
NR/Ru := NR/Rue1 = NR/Rue2
Then the maps
f1 : T(Γm1,l1 ,u1) −→ NR/Rue1
h1 7−→ [h1(v1)]
and
f2 : T(Γm2,l2 ,u2) −→ NR/Rue2
h2 7−→ [h2(v2)]
induce the map
f : T(Γm1,l1 ,u1) × T(Γm2,l2 ,u2) −→ NR/Ru
(h1, h2) 7−→ [h1(v1)− h2(v2)](2.4)
Assume
f(h1, h2) = 0 ∈ NR/Ru
and
h(v1)− h(v2) = λ · u1 for λ ∈ R>0
Then we can define a glued coral block h12 : Γm,l → R2 as follows. Define the vertex
set V (Γm,l) as the disjoint union
V (Γm,l) := V (Γ1)q V (Γ2)
and the edge set E(Γm,l) as
E(Γm,l) := E(Γ1) \ {e1} q E(Γ2) \ {e2} q {e12}
where e12 is the edge such that ∂e12 = {v1, v2}. Define E12 to be the line segment in
CR such that ∂E12 = {h(v1), h(v2)}. Now, define the coral block h12 : Γm,l → R2 by
h12 :=

h1 on V (Γ
1
m1,l1
) ∪ E(Γ1m1,l1) \ {e1}
E12 on e12
h2 on V (Γ
2
m2,l2
) ∪ E(Γ2m2,l2) \ {e2}
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We say h12 : Γm,l → R2 is obtained by gluing h1 and h2 along the edges e1 and e2.
Lemma 2.22. Any coral block (h12 : Γm,l → R2) ∈ T(Γm,l,u) where m > 1, can be
obtained by gluing two coral blocks
h1 ∈ T(Γm1,l1 ,u1) and h2 ∈ T(Γm2,l2 ,u2)
such that m = m1 +m2 and l = (l1 − 1) + (l2 − 1) = l1 + l2 − 2.
Proof. Choose two vertices vi, vj ∈ V −(Γm,l). Since Γm,l is a tree by the definition of
a coral graph, we have a path Pn given by a union of n bounded edges in E(Γm,l)
connecting vi to vj. By connectedness of h(Γm,l) it follows that there exists at least
one edge
e ∈Pn such that 0 /∈ L(h(e))
where O denotes the origin and L(h(e)) the affine line containing h(e). Take a point
p ∈ e \ ∂e. Then
Γm,l \ {p} = Γm1,l1 q Γm2,l2
where Γm1,l1 and Γm2,l2 are two trees with non-compact edges
e1 ∈ E+(Γm1,l1) and e2 ∈ E+(Γm2,l2)
such that e \ {p} = e1 q e2. Define h1 : Γm1,l1 → R2 and h2 : Γm2,l2 → R2 by
h1 := h
∣∣
Γm1,l1
and h2 := h
∣∣
Γm2,l2
Note that we apply an extension to h1(e1) and h2(e2) to half-lines in R2 and by abuse
of notation denote the new maps again by h1 and h2. Then, h : Γm,l → R2 is obtained
by gluing h1 and h2 along the edges e1 and e2. 
Example 2.23. We illustrate a coral block obtained by the gluing two coral blocks
along their edges labelled by arrows.
=⇒glue
Now, we are ready to prove the following main theorem of this section.
Theorem 2.24. Let (Γ, u) be a general type of tropical corals of fixed degree ∆ with l
unbounded edges
e1, . . . , el
LOG-GEOMETRIC INVARIANTS OF DEGENERATIONS 23
with ∂ei = vi for vi ∈ V (Γ) 1. Let ui be the primitive integral vector in NR emanating
from vi in the direction of h(ei). Assume T(Γ,u) is non-empty. Then for any sequence
of indices 1 ≤ i1 < . . . < ik ≤ l with k ≤ l − 1 the map
evi1,...,ik : T(Γ,u) −→
k∏
µ=1
NR/R · uiµ
h 7−→ ([h(vi1)], . . . , [h(vik)])(2.5)
is an integral affine submersion.
Proof. We will prove the theorem for coral blocks of general type (Γm,l, u) of degree
∆. Since a tropical coral is a special type of a coral block the result will follow. By
Lemma 2.22, any coral block
(h : Γm,l → R2) ∈ T(Γm,l,u)
is obtained by gluing two coral blocks h1 ∈ T(Γm1,l1 ,u1) and h2 ∈ T(Γm2,l2 ,u2) along edges
e1 ∈ E+(Γm1,l1 , u1) with ∂e1 = v1 and e2 ∈ E+(Γm2,l2 , u2) with ∂e2 = v2 so that
E(Γm,l, u) = E(Γm1,l1 , u1) \ {e1} q E(Γm2,l2 , u2) \ {e2} q e
with ∂e = {v1, v2}. Let
{e1} ∪ {eir , . . . , eir | r ≤ l1 − 1} ⊆ E+(Γm1,l1 , u1)
{e2} ∪ {eir+1 , . . . , eik | k − r ≤ l2 − 1} ⊆ E+(Γm2,l2 , u2)}
Now, we will use induction on l. For l = 1, we need to have a unique negative vertex.
Let v be the negative vertex and e ∈ E(Γm,l) be the edge with ∂e = v. Extend e,
to obtain the tropical curve h˜ : Γ˜ml → R2. In this case the result follows from ([M]
Proposition 2.14, [NS] Proposition 2.4).
Assume the theorem is true for any 2 ≤ li < l. Let ui be the direction vector for
ei, that is the primitive integral vector emanating from hi(vi) in the direction of hi(ei)
for i = 1, 2. Define the direction vectors uiµ for the unbounded edges eiµ analogously.
Then, by the induction hypothesis we have submersions
T(Γm1,l1 ,u1) −→
r∏
µ=1
NR/R · uiµ
h1 7−→ ([h1(vi1)], . . . , [h1(vir)])
T(Γm2,l2 ,u2) −→ NR/R · u2 ×
k∏
µ=r+1
NR/R · uiµ
h2 7−→
(
[h2(v2)], ([h2(vir+1)], . . . , [h2(vik)])
)
1Not all vi may be distinct, repetitions are allowed
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Hence, we obtain a submersion
F : T(Γm1,l1 ,u1) ×NR/Ru T(Γm2,l2 ,u2) −→
r∏
µ=1
NR/R · uiµ ×
k−1∏
µ=r+1
NR/R · uiµ
(h1, h2) 7−→
(
[h1(vi1)], . . . , [h1(vir)], [h2(vir+1)], . . . , [h2(vik−1)]
)
where
NR/Ru := NR/Ru1 = NR/Ru2
and the fibered coproduct is defined via the morphisms in Equation (2.4). Define
G : T(Γm1,l1 ,u1) ×NR/Ru T(Γm2,l2 ,u2) −→ R
(h1, h2) −→ λ
where λ ∈ R is defined by
h(v2)− h(v2) = λ · ue1
Then, by the construction of gluing of coral blocks we obtain
(2.6) T(Γm,l,u) = G−1(R>0)
Hence, the inclusion G−1(R>0) ⊂ T(Γm1,l1 ,u1)×NR/Ru T(Γm2,l2 ,u2) followed by the submer-
sion F gives the desired submersion evi1,...,ik . 
Corollary 2.25. The set T(Γ,u) of isomorphism classes of general tropical corals of a
given type (Γ, u) forms the interior of a convex polyhedron of dimension l − 1 where l
is the number of unbounded edges of Γ.
Proof. We will first prove the result for the set T(Γm,l,u) of isomorphism classes of general
coral blocks of a given type (Γm,l, u). The fact that T(Γm,l,u) is a convex polytope follows
by its description in equation (2.6) and the induction hypothesis. By Theorem 2.24 we
obtain a submersion
F|G−1(R>0) : T(Γ,u) −→
k∏
i=1
NR/R · ui
where 1 ≤ k ≤ l − 1. Hence, for k = l − 1 the result follows. Since tropical coral
is a special type of a coral block in which all unbounded edges have direction vectors
satisfying condition (iv) in Definition 2.1 the result follows. 
Remark 2.26. From Theorem 2.24 and Corollary 2.25 it follows that there is no linear
dependence among general asymptotic constraints. Hence, if there exist a general
constraint λ for the degree of (Γ, u) such that the set T(Γ,u)(λ) of tropical corals of a
type (Γ, u) matching λ is non-empty then
|T(Γ,u)(λ)| = 1
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2.5. The count of tropical corals. In this section we define the count of tropical
corals of degree ∆ matching a general asymptotic constraint λ. We define a stable
range of constraints, where we choose λ from, to ensure that we get a well-defined
count, independent of the constraints chosen within this range. We need the follow-
ing definition to show the count we define will be independent of the choice of the
constraint.
Definition 2.27. Let ∆ = (∆,∆) be the degree of type (Γ, u) of a coral graph and
E+(Γ) = {e1, . . . , ek+1}
be the set of positive edges of Γ with ∂ei = vi and u((vi, ei)) = ui for i = 1, . . . , k + 1.
Define the cone
C∆ := {a1u1 + . . .+ akuk + ak+1uk+1 | a1, . . . , ak+1 ∈ R≥0} ⊂ NR
so that the image of C∆ in NR/R · ui ∼= R is a half-space for ui ∈ ∂C∆ and otherwise it
is all of NR/Rui. Then,
λ = (λ1, . . . , λk) ∈
k∏
i=1
NR/R · ui
is called a good constraint for ∆ if in the former case
λi ∈ int(C∆/R · ui) ⊂ NR/R · ui
Remark 2.28. Recall general constraints exist by (2.11). Since, good constraints form
an open set inside the set of constraints, the existence of general and good constraints
follows.
We define what it means how to rescale a tropical coral in a moment. We will
afterwards define a stable range for good general constraints where the tropical count
will be independent of rescalings.
Lemma 2.29. Fix the degree ∆ ∈ Map(N \N0,N). Let (Γ, u) be the type of a tropical
coral of degree ∆. Then ∀λ such that λ is a general asymptotic constraint for (Γ, u)
one of the following holds.
(i) ∀s ≥ 1 ∈ R, T(Γ,u)(s · λ) = ∅.
(ii) ∃s0 ≥ 1 such that ∀s ≥ s0, |T(Γ,u)(s · λ) = 1|
Proof. If there exists a tropical coral h ∈ T(Γ,u) matching a general asymptotic con-
straint λ, then the rescaled coral s · h with s ≥ 1 matches s · λ. This operation clearly
does not change the type. Moreover, since λ is general for h, then s · λ is general for
s · h. Hence, the result follows. 
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To ensure we will get a well-defined tropical count, independent of rescaling corals
we will need the following definition.
Definition 2.30. Let ∆ ∈ Map(N \N0,N) be a map of finite support. Define the stable
range S of constraints for ∆ as the set of asymptotic constraints λ for ∆ satisfying
(i) λ is a good general asymptotic constraint for ∆.
(ii) For any type (Γ, u) of degree ∆, if T(Γ,u)(λ) = ∅, then T(Γ,u)(s · λ) = ∅, ∀s ≥ 1.
We are ready to define the tropical count in a moment. Let ∆ ∈ Map(N \N0,N) be
a map of finite support. Then there are only finitely many types of tropical corals
(Γ1, u1), · · · , (Γn, un)
of degree ∆ by Proposition 2.15. Let C∆ be as in Definition 2.27, so that all all good
general constraints lie inside the interior of C∆. Recall that good general constraints
for ∆ exist (2.28). Fix one good general constraint λ. For each type of tropical coral
(Γi, ui), let Si be the stable range defined as in Definition 2.30 for i = 1, · · · , n. By
Lemma 2.29, there exists si ≥ 1 such that
si · λ ⊂ Si
for i = 1, . . . , n. Now define
S :=
⋂
i
Si
referred to as the stable range for ∆. Then S is non-empty, since by taking the
maximum
s0 = max{si | i = 1, . . . , n}
we ensure T(Γi,ui)(s0λ) is non-empty if it becomes non-empty after further rescaling by
any positive real number, for all i = 1, . . . , n. Hence, we have s0λ ∈ S. So, either
T(Γi,ui)(s0λ) = ∅
or ∣∣ T(Γi,ui)(s0λ) ∣∣= 1
for i = 1, · · · , n by Remark 2.26. Assume we are in the latter case and the count is
non-zero, so that hi : Γi → CR for i = 1, . . . , k for k ∈ N is a list of general tropical
corals of type (Γi, ui) matching s0λ ∈ S. 2 Define the tropical count N trop∆,λ as follows.
Let V (Γi)\V −(Γi) be the set of all non-negative vertices of Γi, so that each v ∈ V (Γi)
is trivalent. For each v ∈ V (Γi)\V −(Γi) define the multiplicity at v as follows. Choose
2Recall the image of a vertex of a coral graph is rational by Definition (2.1,v). We fix b ∈ N \ {0}
defining the polyhedral decomposition CPb of CR, sufficiently big such that after a possible rescaling
the images of all vertices of all Γi, i = 1, . . . , n on the truncated cone are integral
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two arbitrary edges e1 and e2 adjacent to v. Let u1 and u2 denote the primitive integral
vectors emanating from v in the direction of e1 and e2 respectively. Let w1, w2 ∈ N\{0}
be the associated weights to e1, e2. Then we define the multiplicity of v as
Mult(v) := w1 · w2 · |det(u1, u2)|
The multiplicity of Γ (Definition 2.16,[M]) is defined to be the product
Mult(Γi) :=
∏
v∈V3(Γi)
Mult(v)
Then, the tropical count is defined by
(2.7) N trop∆,λ :=
n∑
i=1
1∏
jdij
1∏
keik
·Mult(Γi)
where dij’s are the weights of the unbounded edges and eik’s are the weights of the
edges adjacent to a negative vertex of Γi.
Lemma 2.31. Let λ be a good general constraint. Then any tropical curve h˜ : Γ˜→ R2
of degree ∆ matching the constraint
λ˜ = (λ, 0, . . . , 0)
where the last m entries are 0, is obtained as an extension of a tropical coral h : Γ→ CR
of degree ∆ matching λ after a possible rescaling, where Γ has m negative vertices.
Proof. It is enough to show that the images h˜(V (Γ˜)) of vertices of Γ˜ lie inside the cone
C∆ defined in 2.27, since then either
h˜(V (Γ˜)) ⊂ CR ∩ C∆
and the restriction of h˜ is already a tropical coral, or by rescaling h˜ with some s ∈ R≥1,
we can ensure all vertices will be in CR ∩ C∆.
Now assume there exist a vertex v of Γ˜ such that h(v) /∈ C∆. Then it follows that
there exists at least one unbounded edge e of Γ˜ with direction vector ue emanating
from h(v) in the direction of h(e) with ue /∈ C∆: If v is the only vertex of Γ˜ with h(v)
not included in CΓ then this is obvious by the balancing condition at v. If not, then
take a longest path from v to a vertex v′ of Γ˜ such that h(v′) /∈ CΓ, which exists since
Γ is connected. In this case v′ must be adjacent to an unbounded edge e of Γ˜ such that
the direction vector ue /∈ C∆ by the balancing condition at v′. But the existence of such
an edge e contradicts that h˜ : Γ˜→ R2 has degree ∆. Hence, the result follows. 
Lemma 2.32. Let λ be a general good constraint in the stable range S for ∆. Then
the tropical count N trop∆,λ is independent of the choice of λ.
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Proof. Any tropical coral with m negative vertices of degree ∆ matching λ has a unique
extension which is a tropical curve of degree ∆ matching (λ, 0 . . . , 0) where the last m
entries are zero by Lemma 2.14. Moreover, any tropical curve of degree ∆ matching
(λ, 0 . . . , 0) is obtained as the extension of a tropical coral of degree ∆ matching λ
after a possible rescaling by Lemma 2.31 since λ is a good constraint. By condition
ii of Definition 2.30 we avoid the possibility of rescaling, hence any tropical curve is
obtained as the extension of a tropical coral. Therefore, the count of tropical curves of
degree ∆ matching λ̂ = (λ, 0 . . . , 0) which are extensions of tropical corals is equal to
the count of tropical corals of degree ∆ matching λ which is given by equation (2.7)
(Theorem 3.4 in [GPS]). Note that in the extension of a tropical coral, we omit the
divalent vertices which correspond to negative vertices of the tropical coral. So, there is
a one-to-one correspondence between the unbounded edges of an extension of a tropical
coral that pass through the origin with the edges of the tropical coral that are adjacent
to negative vertices with the corresponding weights preserved.
The cardinality of the set of tropical curves of degree ∆ matching λ̂ is independent
of the choice of the constraint by [GM]. Hence, the result follows. 
3. A view towards symplectic cohomology
The motivation for this paper is as follows. Consider the mapping cylinder of the
Dehn twist τ : E → E of an elliptic curve along a meridian
Map(τ) :=
E × [0, 1]× R(
e, 0, q
) ∼ (τ(e), 1, q)
equipped with the symplectic form ωE + dp ∧ dq, where ωE is the symplectic form on
E and p and q are the co-ordinates on the second and third factors of E × [0, 1] × R.
Based on discussions with Abouzaid, Siebert, Tonkonog and Pomerleano, we expect
that an appropriate version of the symplectic cohomology of Map(τ) should satisfy
(3.1) SH0
(
Map(τ)
) ∼= ∞⊕
k=0
HF (τ k) ∼=
∞⊕
k=0
HF
(
L(0), L(k)
)
as rings, where HF is Hamiltonian Floer homology and L(k) ⊂ E is the Lagrangian
on the elliptic curve E which lifts to the line x = −ky on the universal cover R2 of
E. We will describe the symplectic cohomology ring in our set up and establish these
isomorphisms in [APT].
As Gross has explained [C], holomorphic polygons in E bounded by Lagrangians
correspond to tropical Morse trees in S1 = R/Z, and structure constants for the La-
grangian Floer cohomology ring in Equation 3.1 are counts of tropical Morse trees.
LOG-GEOMETRIC INVARIANTS OF DEGENERATIONS 29
Roughly speaking, tropical Morse trees are the tropical analogues of the gradient flow
trees in Morse theory [AGS].
The main contribution of this paper is as follows. Observe that Map(τ) is the
complement of the central fiber T0 of the Tate curve T . We explain how to lift tropical
Morse trees in S1 to tropical corals in the truncated cone CS1. We define log corals in
T 0×A1, and prove a correspondence theorem that equates counts of tropical corals in
CS1 (and thus counts of tropical Morse trees) with counts of log corals. We then, in
§9, prove that these counts of log corals are given by punctured log Gromov–Witten
invariants [ACGS] of T0.
This suggests, as conjectured in [GS6], in particular that one ought to be able to
use punctured log Gromov-Witten invariants to give an algebro-geometric definition of
the symplectic cohomology ring SH0
(
Map(τ)
)
. In general this is a difficult problem,
however for the case of the Tate curve, we follow a relatively easy path relying on the
fact that the Fukaya category of an elliptic curve is well-known. Putting everything
together, the isomorphisms in the equation (3.1) suggest that the structure constants
in the symplectic cohomology ring are captured by the structure constants in the ring
Lagrangian Floer cohomology ring associated to the Fukaya category of the elliptic
curve, which can be computed by counts of tropical Morse trees by ([C] §8). We show
in the next section that tropical Morse trees correspond to tropical corals, hence by
Theorems 7.8 and 9.4 we prove that, for the special case of the Tate curve that the
structure constants in SH0(T \ T0) indeed match with counts of punctured log maps.
It is worthwhile emphasizing that the relationship between the algebraic geometric
construction of the coordinate ring of Gross-Siebert using punctured invariants ([GS6])
and the degree zero symplectic cohomology ring is still conjectural. Indeed, one part
of the problem, comparing algebraic and symplectic virtual fundamental classes on
the moduli of punctured curves is a highly technical problem. Generally, to relate the
symplectic and algebraic formalisms there are various approaches (see [V] for instance).
So, there are still many subtleties to be worked out to fully establish the isomorphism of
the mirror ring of Gross-Siebert constructed algebraic geometrically with the classical
Floer theoretic symplectic cohomology ring. This problem will be further studied
by Gross-Siebert for the degree zero part of the symplectic cohomology ring in more
generality and by Gross-Pomerleano-Siebert for higher degrees.
3.1. From tropical Morse trees to tropical corals. In this section we will explain
how to construct a tropical coral in the truncated cone CS1 from a tropical Morse tree
on S1. We first set up some notation.
A rooted ribbon tree R is a connected tree with a finite number of vertices and edges,
with no divalent vertices, together with the additional data of a cyclic ordering of edges
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at each vertex and a distinguished vertex referred to as the root vertex. We call the
univalent vertices of R external and the other vertices internal, and insist that the
root is an external vertex. We orient all edges towards the root vertex, referring to the
root vertex as the outgoing vertex and all other external vertices as incoming vertices
or leaves. We refer to edges adjacent to a vertex v as incoming edges if the assigned
direction points towards v and outgoing edges otherwise. Let R be a rooted ribbon tree
with d + 1 external vertices, for d > 0. There is a unique isotopy class of embeddings
of R into the unit disc D ⊂ R2 such that each external vertex maps to S1 ⊂ D. This
embedding divides D into d + 1 regions, each of which meets the boundary S1 in a
segment. We label the regions by 0, . . . , d, proceeding anticlockwise around S1 from
the root vertex. Given distinct integers n0, . . . , nd, assign to each edge e the integer
ne := nj−ni, called the acceleration of e, where e lies between regions i and j. A ribbon
tree whose edges are labelled with accelerations is called decorated. We also label each
external vertex of a decorated ribbon tree by v[i][j], where the unique edge incident to
the vertex lies between regions i and j, and the square brackets indicate that we take
the indices i and j modulo d+1. Note that the vertex labels are v01, v12, . . . , vd−1,d, vd,0.
Now we are ready to define tropical Morse trees as maps from R → S1. Note that we
will denote the points on S1 = R/dZ with coordinates in 1
n
Z by S1
(
1
n
Z
)
as in ([C],§8).
Definition 3.1. Let R be a ribbon tree with d + 1 external vertices, d > 0, and
n0, . . . , nd ∈ Z be the set of integers describing a decoration on R. Identify each edge
e of R with [0, 1] with coordinate s and the orientation on e pointing from 0 to 1. A
tropical Morse tree is a map φ : R → S1 satisfying the following:
i.) For any external vertex vji of R,
pji := φ(vji) ∈ S1
(
1
nj−niZ
)
ii.) For an edge e of R, φ(e) is either an affine line segment or a point in S1.
iii.) For each edge e, there is a section ve ∈ Γ(e, (φ
∣∣
e
)∗TS1), called velocity of e,
satisfying
1) ve(v) = 0 for each external vertex v adjacent to the edge e.
2) For each edge e ∼= [0, 1] and s ∈ [0, 1], we have ve(s) is tangent to φ(e) at
φ(s), pointing in the same direction as the orientation on φ(e) induced by
that on e. By identifying (φ
∣∣
e
)∗TS1 with the trivial bundle over e using
the affine structure on S1, we have
d
ds
ve(s) = neφ∗
∂
∂s
3) For any internal vertex v of R the following balancing condition holds. Let
e1 . . . , ep be the incoming edges and let eout be the outgoing edge adjacent
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to v. Then,
(3.2) veout(v) =
p∑
i=1
vei(v)
For convenience we work with the lift of a tropical Morse tree φ : R → S1 to
φ : R → R, which by abuse of notation we will also denote by φ. This will be
analogous to working with tropical corals in CR rather than in CS1.
Theorem 3.2. A tropical Morse tree φ : R → R uniquely determines a coral graph Γ
and the type (Γ, u) of it.
Proof. Let φ : R → R be a tropical Morse tree. Assume R has d+ 1 external vertices
vji with φ(vji) = pji. Let eij denote the edge of R lying between regions i and j. Let
Γ¯ be the bilateral graph (defn 2.1) with
E(Γ¯) = E(R)
V (Γ¯) = V (R)
The set of vertices V (Γ¯) is partitioned into sets of negative, positive and interior vertices
V −(Γ¯) = {vij | vij is an external vertex of R which is adjacent to an edge contracted under φ }
V +(Γ¯) = {vij | vij is an external vertex of R and vij /∈ V −(Γ¯)}
V 0(Γ¯) = {vij | vij is an internal vertex of R }
Define the coral graph Γ as in Definition 2.1 as |Γ¯|\V +(Γ) and define a weight function
on E(Γ) by
w(e) = |ne|
where ne is the acceleration of e.
Identify R with the boundary ∂CR of the truncated cone in R2 (Defn 1.2), so that
φ(R) ⊂ CR. Without loss of generality we may assume, after translating φ if necessary,
that φ maps the root vertex v0d to (0, 1).
Let v ∈ V 0(Γ), and let p = φ(v) ∈ ∂CR. Define the direction vector assigned to the
flag (v, e) ∈ F (Γ) by
u(v,e) :=
〈p, 1〉 if e is an outgoing edge adjacent to v−〈p, 1〉 if e is an incoming edge adjacent to v
For a negative vertex vij ∈ V −(Γ), define
uvij = −〈pij, 1〉 where pij = φ(vij)
The direction vectors {u(v,e)} and {uvij} determine the type (Γ, u) of the coral graph
Γ: see Definition 2.4. 
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Definition 3.3. Let h : Γ→ CR be a tropical coral of type (Γ, u). Let pr2 : R2 −→ R
be the projection map onto the second factor. We say h is of good type (Γ, u) if the
images of all direction vectors {u(v,e)} and {uvij}, determining the type (Γ, u) as in
Definition 2.4, under pr2 are non-zero.
Let h : Γ→ CR be a tropical coral of good type (Γ, u). Let Γ¯ be the bilateral graph
as in Definition 2.1, such that Γ = Γ¯ \ V +(Γ). Let
V −(Γ¯) = {v1, . . . , vm}
V +(Γ¯) = {v1, . . . , vl}
be the sets of negative and positive vertices of Γ. Define the Ribbon graph associated
to Γ¯ as the graph R whose sets of vertices and edges are given by
V (R) = V (Γ¯)
E(R) = E(Γ¯)
such that the set of exterior vertices of R is the union of the sets of positive and
negative vertices of Γ¯. Fix a vertex vr ∈ V −(Γ¯) q V +(Γ¯) as the root vertex of R and
orient all edges of Γ¯ towards vr. Call the orientation on an edge e negative if the
assigned orientation vector points towards ∂CR and negative otherwise. Define the
accelerations ne ∈ Z \ {0} associated to edges e of R by
ne =
w, if the orientation on e is positive−w, if the orientation on e is negative
where w : E(Γ) → N \ {0} is the weight function on Γ. Note that for any vertex
v ∈ V \ V −(Γ¯) there is a unique edge e adjacent to v such that the assigned direction
vector uv,e = (u
1
v,e, u
2
v,e), given as in 2.5, is pointing away from v. We refer to uv,e as the
direction vector associated to v. Now identify ∂CR with R and define the restriction
of φ : R → R to the set of vertices of R by
φ(v) =
h(v) if v ∈ V −(Γ¯)u1v,e
u2v,e
if v ∈ V \ V −(Γ¯)
where uv,e is the direction vector associated to v. This uniquely determines φ : R → R,
called the tropical Morse tree associated to h.
Let T be the space of corals of a good type. Define
Ψ : T −→ TMT(3.3)
h 7−→ ψ
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where ψ is the tropical Morse tree associated to h. We will prove that this map is
a surjection in the next Theorem. We will show this for general tropical corals and
for general tropical Morse trees we define in a moment. However, the roof generalizes
straight forward for non-general cases (Remark 3.7).
Definition 3.4. A tropical Morse tree φ : R → R is called general if all interior
vertices of R are trivalent and at any vertex v of R there is at most one adjacent edge
to v is contracted under φ.
We denote the space of general tropical Morse trees by TMT .
Theorem 3.5. The map Ψ : T −→ TMT defined in 3.3 is a surjection and the fiber
of Ψ over each (φ : R → R) ∈ TMT is the space of general corals T(Γ,u) of good type
(Γ, u), where (Γ, u) is uniquely determined from φ by Proposition 3.2.
Proof. Let φ : R → R be a tropical Morse tree and let (Γ, u) be the type of the coral
graph determined by φ. Note that (Γ, u) is a good type by the proof of Theorem 3.2.
We will construct a general tropical coral (h : CR→ R) ∈ T(Γ,u) with Ψ(h) = φ. Let l
be the number of positive vertices of Γ and let
(r0, . . . , rl−2) ∈ Rl−1>0
be an arbitrary l − 1-tuple of positive real numbers. Note that there always exists at
least one external edge which is contracted under φ (see Remark 3.6), there exists at
least one negative vertex of Γ. We fix such a vertex v ∈ V −(Γ) with h(v) = (p, 1) ∈ CR.
Let v0 be the interior vertex of Γ adjacent to v and let {v1, . . . , vl−1} be the set of
interior vertices of Γ not adjacent to any negative vertex V −(Γ). Or aim is to outline
the construction of a tropical coral h : Γ→ CR with
Φ(h) = (ρ(v0), ρ(v1), . . . , ρ(vl−2)) = (r0, . . . , rl−2)
where Φ is the map defined in the proof of Proposition 2.16. We will in a moment
determine h(v0). Let piu be the canonical projection map R2 → R2/R · u where u =
(p, 1), and write Rp for the ray in CR which maps to [p] under piu.3 Fix h(v0) on Rp
with ρ(h(v0)) = r1 ∈ R>0. Construct the rest of h inductively. Let v′ be an interior
vertex of Γ such that h(v′) is already determined, let v′′ be a vertex adjacent to v′.
Assume v′′ is also adjacent to a negative vertex v′−. Then knowing the type and the
positions of h(v′−) and h(v′) determines h(v′′) uniquely (note that we initially choose
r0 ∈ R>0 so that h(v′′) ∈ CR). If v′′ is not adjacent to any negative vertex then
3Note that the broken lines appearing in the scattering procedure in [GHK] are the rays in CR
obtained as the inverse image of [pji] under piu, where u = (pji, 1) ∈ ∂CR and p = φ(v) for an external
vertex vji of R.
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v′′ = vk for some vk ∈ {v1, . . . , vl−1}. In this case, h(v′′) is determined uniquely by
ρ(vk). Hence, the choice of (r0, . . . , rl−2) determines h ∈ T(Γ,u) uniquely. Note that the
balancing condition for h (2.1,ii) follows from the equation (3.2). By definition of the
map Ψ (3.3) we have
Ψ(h) = φ
Thus, Ψ is a surjection. Furthermore, the fiber of Ψ over φ is the set of corals of type
(Γ, u). 
Remark 3.6. Recall by definition all interior vertices on the domainR of general tropical
Morse φ : R → R tree are trivalent. In particular, if e is an edge which is adjacent
to only interior vertices of R, then it is not contracted under φ. However, we have
contracted edges adjacent to exterior vertices. Indeed, the assumption ve(v) = 0 on
all external vertices v in Definition 3.1 implies that we start with zero velocity at an
external vertex adjacent to a leaf, increase the velocity on each vertex as we follow
the orientation towards the root vertex until we reach the vertex adjacent to the root
vertex and then we decrease it to achieve again zero velocity at the root vertex. This
means edges e of R are contracted if and only if either e is an external edge adjacent to
an incoming vertex and ne < 0 (which would be an obstacle to increase the velocity),
or e is the edge adjacent to the root vertex and ne > 0 (see pg 35, [GS5]). Note that
there exists always at least one external edge which is contracted under φ, and at least
one external edge which is not contracted under φ by studying all possible algebraic
inequalities between the integers ni and nj determining the acceleration ne = nj − ni
on the edges of R.
Remark 3.7. Theorem 3.5 shows that a tropical Morse tree φ : R → R corresponds
to an l − 1 dimensional family of tropical corals of fixed type (Γ, u), where l is the
number of contracted edges of R or the number of unbounded edges of a tropical coral
in T(Γ,u), which equals the dimension of T(Γ,u) by Corollary (2.25). If we consider
the space of non-general corals of a given type (Γ, u), then the dimension of T(Γ,u)
is given as in ([M],Proposition 2.14) where we have an additional contribution of the
overvalence of Γ. The overvalence measures the difference from Γ to a trivalent graph,
which can be captured by the number of contracted edges of Γ or of R. The above
theorem has a straight forward generalization to the non-general case where each fiber
of the surjection Ψ will be a moduli space of dimension given as in ([M],[NS]). Note
that, the correspondence of tropical Morse trees and tropical corals will be one-to-one
if we fix a general asymptotic constraint chosen in a stable range ( §2.5). We believe
that, while investigating on the symplectic side, fixing an asymptotic constraint will be
equivalent to fixing Reeb orbits and that the stable range imposes energy bounds on
LOG-GEOMETRIC INVARIANTS OF DEGENERATIONS 35
the symplectic cohomology. This will be analysed further once we study the symplectic
cohomology ring SH0(T \ T0) in detail in [APT] .
In the remaining part of this section we will provide examples of polygons (as in
(§8, [C])) and tropical corals associated to given tropical Morse trees. Note that the
associated triangle to a tropical Morse tree is the triangle in R2 bounded by Lagrangians
L(−ni) defined as in Equation 3.1, having slope −ni. This is due to the choice of the
orientation on the boundary of the triangle, so that the points p01, p12, p23, . . . are
oriented cyclically in a counterclockwise fashion.
Example 3.8. Let φ : R → R be a tropical Morse tree where R is a Ribbon graph
decorated with n0 = 0, n1 = 3 and n2 = 5. Let
φ(v01) = 2, φ(v12) = −3, φ(v02) = 0
Note that the balancing condition in (3.1,iii3) holds as
(n1 − n0) · (p02 − p01)− (n2 − n1) · (p12 − p02) = 0
.
The vertices of the triangle, by abuse of notation also denoted by pij project vertically
to pij = φ(vij) ∈ R. Below we illustrate φ and the corresponding polygon in the first
two pictures and the associated tropical coral in the last picture. The tropical coral
inherits an orientation on its edges from the tropical Morse tree. We label edges of the
tropical coral with vectors compatible with this orientation, multiplied by the weights
on the edges. By the convention in Lemma 3.2, the tropical balancing condition in
Definition 2.1 is satisfied.
0 1 2 3 4−1−2−3−4
p0,2 = 0 p0,1 = 2p1,2 = −3
L0 = 0
L2 = 5
L1 = 3
p0.2
p1,2
p0,1
φ
n1 = 3
n2 = 5 n0 = 0
n1 − n0 = 3
n2 − n1 = 2
n2 − n0 = 5
v0,1
v1,2
v0,2
3 · (−2,−1)2 · (3,−1)
5 · (0,−1)
0
We will next provide an example where the associated polygon to the tropical Morse
tree is not convex. We will study necessary and sufficient criteria for convexity in terms
of the integers determining the decoration on R in [APT].
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Example 3.9. In the following figure we illustrate a tropical Morse tree φ : R → R.
For convenience, as the images of various edges of R under φ intersect, to illustrate
φ(R) we draw three identical copies of R.
v3,4 v2,3 v1,2
v0,4
n4 = −5 n0 = 0
n1 = −2
n2 = 1
n3 = 3
w
v0,1
p1,2
φ(w)
−5
−62
p3,4p2,3
1 3
p0,1
p0,4
R
R
R
φ
p01 = 8 =
y
3
∈ 1
3
Z
p12 = 12 =
z
2
∈ 1
2
Z
p23 = 0 ∈ 1
2
Z
p34 = 6 =
x
8
∈ 1
2
Z
We impose the following equalities to ensure the balancing condition in (3.1):
i The right side velocities should be positive;
2 · x
8
− 6 · (φ(w)− x
8
) > 0
ii The left side velocities should be positive;
φ(w)− z
2
+ 3 · ( z
2
− y
3
) > 0
where we had chosen x, y, z as above. Hence we need to have;
x− 6 · (φ(w)) > 0 =⇒ 8 > φ(w)
φ(w) + z − y > 0 =⇒ φ(w) > 0
So in this case there is a free choice for φ(w). We choose φ(w) = 7. Then by the
balancing condition we get p04 =
28
5
∈ 1
5
Z. The polygon associated to φ is shown in
the following figure. Note that in this situation it is not convex, since φ(w) can vary
in a 1-parameter family.
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0 6 7 8 12
L1
L2
L0
L4
L3
The tropical coral associated to φ is illustrated in the following figure.
121086420−2
p23 p12p01p04 p34
(−20, 1)
(36, 3)
(−16, 2)
(−48,−6)
(−28,−5)
(0, 2)
(−48,−8)
4. The log structures on the Tate curve and its degeneration
In this section we assume basic familiarity with log geometry ([Kk], [O]). In the
remaining part of this paper, we denote a log scheme (X,MX) by X† and the structure
homomorphism of X† by αX :MX → OX .
We will first review some general facts of a log structure on a toric variety X as-
sociated to a fan Σ in NR, endowed with the toric log structure MX . The toric log
structure, sometimes denoted by MX = M(X,D), is the divisoral log structure with
D ⊂ X the toric boundary divisor ([G], ex. 3.8). For σ ∈ Σ we have the affine toric
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patch
Uσ = SpecC[σ∨ ∩M ]
of X. The toric log structure MX is locally generated by the monomial functions on
this open subset, that is, the canonical map
(4.1) σ∨ ∩M −→ C[σ∨ ∩M ], m 7−→ zm
is a chart for the log structure ([Kk],2.9(1)) on Uσ.
Proposition 4.1. For any x ∈ Tσ the toric chart (4.1) induces a canonical isomor-
phism
σ∨ ∩M/σ⊥ ∩M σ−→MX,x.
where MX :=MX/O×X is the ghost sheaf on X. 
Proof. The proof is given in ([A2], Prop A.30). 
The total space of the degeneration of the unfolded Tate curve is the toric variety
Y → SpecC[s, t]. We endow Y with the divisorial log structure αY :MY → OY with
divisor
D˜ := p˜i−1(st = 0) ⊂ Y
A toric chart for the log structure MY is given by the map
C(CΞ)∨ ∩ (M ⊕ Z) −→ C[x, y, s, t]/(xy − (st)b)
defined in (1.5). By restricting the chart forMY to t = 0 we obtain a chart for the log
structureMY0 on the central fiber Y0 over t = 0. This gives us a canonical description
of the stalks of MY and on MY0 by Proposition 4.1.
Notational convention: we will write sx, sy, ss, st for the sections of MY or of MY0
defined by the monomial functions indicated in the subscripts. The corresponding
sections of MY or of MY0 are denoted by x¯, y¯, s¯, t¯.
We will describe the stalks of MY0 more explicitly in the remaining part of this
section. The affine cover (1.9) induces an affine cover of Y0 by restricting to t = 0,
which is given by a countable union of the open sets
U = SpecC[x, y, s, t]/(xy)
The following figure illustrates U ⊂ Y0 = A1s ×X0 together with the projection maps
onto the first and second factors.
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A1s
A1
A1
pr2p2
p3
p4
s
x
y
pr1
p′3
p1
p′1
Note that we have four different types of points on U illustrated in the figure above.
We will describe the stalks of M¯Y0 over different possible types of points are given as
follows.
Notational convention: We present a monoid with a set of generatorsG and relations
R among elements of G by 〈G | R〉.
p1 ∈ U \ {(y = 0) ∪ (s = 0)} =⇒ MY0,p1 = 〈t〉
p′1 ∈ U \ {(x = 0) ∪ (s = 0)} =⇒ MY0,p′1 = 〈t〉
p2 = x = y = 0 =⇒ MY0,p2 = 〈x, y, t | xy = tb〉
p3 = x = s = 0 =⇒ MY0,p3 = 〈x, s, t | x = stb〉
p′3 = y = s = 0 =⇒ MY0,p′3 = 〈y, s, t | y = st
b〉
p4 = x = y = s = 0 =⇒ MY0,p4 = 〈x, y, s, t | xy = (st)b〉
5. A curve counting problem
5.1. Log corals. Gromov-Witten theory has a generalisation to the setting of loga-
rithmic geometry ([GS4], [AC]). In log Gromov-Witten theory one works over a base
log scheme (S,MS). The scheme S in practice could be the spectrum of a discrete
valuation ring with the log structure induced by the closed point (one-parameter degen-
eration), or it could be Spec k, for k an algebraically closed field of characteristic zero,
endowed with the trivial log structure (absolute situation), or Speck endowed with the
standard log structure (central fibre of one-parameter degeneration). The standard log
structure up to isomorphism is given uniquely by a monoid Q with Q× = {0} giving
rise to the log structure
Q⊕ k× −→ k, (q, a) 7−→
a, q = 00, q 6= 0.
on Spec k. We will restrict our attention to the latter case and take the log point
endowed with the standard log structure as a base scheme. Throughout this paper we
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assume
k = C and Q := N
and denote the standard log point by
SpecC† := (SpecC,N⊕ C×).
One generalises the notion of a stable map to the log setting as follows. Consider an
ordinary stable map with a number, say `, of marked points. Thus we have a proper
curve C with at most nodes as singularities, a regular map f : C → X, a tuple
x = (x1, . . . , x`)
of closed points in the non-singular locus of C. Moreover the triple (C,x, f) is supposed
to fulfill the stability condition of finiteness of the group of automorphisms of (C,x)
commuting with f . To promote such a stable map to a stable log map amounts to endow
all spaces with (fine, saturated) log structures and lift all morphisms to morphisms of
log spaces. Then C → SpecC is promoted to a smooth morphism of log spaces
pi : C† −→ SpecC†.
and we have a log morphism
f : C† −→ X†
where X† = (X,MX) and C† = (C,MC) are log schemes. Given a morphism of log
spaces f : C† −→ X†, we denote by f : C −→ X the underlying morphism of schemes.
By abuse of notation, the underlying morphism on topological spaces is also denoted
by f . Throughout this paper we will assume that the arithmetic genus of the domain
curve C is zero and thus will work on the Zariski site, rather than the e´tale site which
would be needed for more general cases.
Let x ∈ X be a closed point in and let f [x : MX,f(x) → MC,x be the morphism of
monoids induced by f : C† −→ X†. Then, by the definition of a log morphism ([G],pg
99) we obtain the following commutative diagram on the level of stalks
(5.1) MX,f(x)
f[x //
αX,f(x)

MC,x
αC,x

OX,f(x)
f]x // OC,x
Let κ : MX /O
×
X−−→ MX be the quotient homomorphism. By the commutativity of the
above diagram there is a morphism induced by f on the level of ghost sheaves, denoted
by
f
[
x : MY0,f(x) →MC,x
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for a closed point x ∈ C. By abise of notation morphism
f
[
x : M
gp
Y0,f(x)
→M gpC,x
on group level is also denoted by f
[
x.
We demand the morphism f : C† → SpecC† to be log smooth (Definition 3.23, [G]).
We furthermore demand that the regular points of C where pi is not strict are exactly
the marked points. We will recall the precise shape of such log structures on nodal
curves instantly.
Remark 5.1. After a moment of thought one may conclude that an algebraic stack
based on this notion of a log smooth map over the log point (Speck, Q⊕C×) can never
be of finite type, because for a given log map one can always enlarge the monoid Q, for
example by embedding Q into Q⊕Nr. To solve this issue, a basic insight in [GS4], [AC]
is that there is a universal, minimal choice of Q. In this basic monoid there are just
enough generators and relations to lift f : C → X to a morphism of log spaces while
maintaining log smoothness of C† → Spec k†. After the usual fixing of topological data
(genus, homology class etc.) the corresponding stack of basic stable log maps turns
out to be a proper Deligne-Mumford stack. For the present paper this general theory
is both a bit too general and still a bit too limited. It is too general because we will
end up with a finite list of unobstructed stable log maps over the standard log point.
In particular, we have a one-parameter smoothing of log maps and there is always a
distinguished morphism
(SpecC,N)→ (SpecC, Q)
just coming from our degeneration situation as in [NS]. Therefore, throughout this
paper we comfortably assume the basic monoid Q is given by the natural numbers.
Moreover, there is no need for working with higher dimensional moduli spaces or with
virtual fundamental classes, as the moduli space of the stable log maps over SpecC†
form a proper Deligne-Mumford stack of finite type ([GS4], §3). The general theory is
also too restricted because we will have to admit non-complete domains. The presence
of non-complete components requires an ad hoc treatment of compactness of our moduli
space that is special to our situation.
In this section we define and discuss the properties of the special kind of log maps
with non-complete components which we refer to as log corals. We first recall a couple
of definitions from [GS4].
Definition 5.2. A log smooth curve over the standard log point SpecC† consists of
a fine saturated log scheme C† := (C,MC) with a log smooth, integral morphism
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pi : C† → SpecC† of relative dimension 1 such that every fibre of pi is a reduced and
connected curve.
Note that we do not demand C to be proper which is the case in ([GS4], Defn. 1.3).
If we specify a tuple of sections x := (x1, · · · , xl) of pi so that over the non-critical locus
U ⊂ C of pi we have
MC |U ' pi∗MSpecC† ⊕
⊕
i
xi∗NSpecC
then we call the log smooth curve C† marked and denote it by (C/SpecC†,x). Before
going through more details we would first like to make a few remarks on the local
structure of log smooth curves over SpecC†. Let 0 ∈ SpecC be the closed point. Then
we have an isomorphism
MSpecC,0 −→ N
t
a 7−→ a
Let σ : N→MSpecC,0 be the chart for the log structure on SpecC around 0 ∈ SpecC,
given by
σ(q) =
{
1 if q = 0
0 if q > 0
The following crucial theorem is a special case of ([Kf, p.222]), as we restrict our
attention only to log smooth curves over the standard log point SpecC†.
Theorem 5.3. Locally C is isomorphic to one of the following log schemes V over
SpecC.
(i) Spec(C[z]) with the log structure induced from the homomorphism
N −→ OV , q 7−→ σ(q).
(ii) Spec(C[z]) with the log structure induced from the homomorphism
N⊕ N −→ OV , (q, a) 7−→ zaσ(q).
(iii) Spec(C[z, w]/(zw− t)) with t ∈ m, where m is the maximal ideal in C and with
the log structure induced from the homomorphism
N⊕N N2 −→ OV ,
(
q, (a, b)
) 7−→ σ(q)zawb.
Here N → N2 is the diagonal embedding and N → N, 1 7→ ρq is some homo-
morphism uniquely defined by C → SpecC. Moreover, ρq 6= 0.
In this list, the morphism C† → SpecC† is represented by the canonical maps of charts
N → N, N → N ⊕ N and N → N ⊕N N2, respectively where we identify the domain N
always with the first factor of the image.
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In Theorem 5.3 cases (i), (ii), (iii) correspond to neighbourhoods of general points,
marked points and nodes of C respectively. Nodes and marked points of a log smooth
curve C† → SpecC† are referred to as special points of C. Now we are ready to
generalise the notion of a log map over SpecC† ([GS4], 1.2) to the case where the
domain includes some special non-complete components.
Recall that Y0 is the central fiber over t = 0 of the degeneration of the unfolded Tate
curve (1.1), endowed with thge log structure with charts as in (4). As usual, denote
by Y †0 = (Y0,MY0).
Definition 5.4. Let (C/ SpecC†,x) be a marked log smooth curve. A morphism of
log schemes f : C† → Y †0 is called a log map if the following holds:
i.) The morphism f fits into the following commutative diagram
C†
f
//
pi %%
(Y0,MY0)

SpecC†
ii.) For each non-complete irreducible component C ′ ⊂ C, there is an isomorphism
C ′ ∼= A1.
iii.) The map s ◦ f ∣∣
C′ : C
′ → A1 is dominant, where s : Y0 → A1s is the projection
map.
iv.) For each marked point pi ∈ C, we have f(pi) ∈ (Y0)s=0 where (Y0)s=0 is the
fiber over 0 ∈ A1s under the map s : Y0 → A1.
v.) The stability condition holds, that is, the automorphism group Aut(C/SpecC†,x, f)
is finite.
To set up the log counting problem in the next section, analogously as in the tropical
counting problem, we restrict our attention to general log maps defined as follows.
Definition 5.5. A log map f : C† → Y0† is called general if each non-complete
component C ′ ⊂ C has only one special point and each complete component contains
at most three special points.
For a general log map if a non-complete component C ′ ⊂ C has unique special point
which is a marked point, then by the connectivity of the domain C will have only one
component C ′. As this case can be treated easily throughout the next sections we omit
it and assume the unique special point on each non-complete component on a general
coral is a node.
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Remark 5.6. Let C ′ ⊂ C be a non-complete component with generic point η. Denote
the function field of C ′ = A1 by
OC′,η = k(z)
Let Z ⊂ Y0 be the smallest toric stratum containing f(C ′). Then, we have one of the
two following cases.
i) dimZ = 2: in this case we call f transverse at C ′. A chart for the log structure
MY0 around f(η) is given by
MY0|U →MY0|U
t 7→ st(5.2)
for an open neighbourhood U of f(η) (4). Note that on U we have either y 6= 0
or x 6= 0. Throughout this section without loss of generality we assume we are
in the former case. Recall the log structure on Y0 section 4. The morphism
f [η :MY0,f(η) −→ MC,η
sx 7−→ ϕx(z)
ss 7−→ ϕs(z)
is only determined by ϕx, ϕs ∈ k(z) \ {0}. Note that as s is invertible on U , we
have f ]η(ss) = f
[
η(ss) where f
]
η : OY0,f(η) → OC,η is the morphism on stalk level
induced by the scheme theoretic map f . Moreover, as dimZ = 2 the morphism
(Y0,MY0)→ SpecC† in definition 5.4 is strict, which meansMY0 is isomorphic
to the log structure induced by the pull-back of the log structure on SpecC†
and hence the image of st is determined as f
[
η(st) = st.
ii) dimZ = 1: in this case we call f non-transverse at C ′. As sxsy = sbsbt where
s ∈ O×Y0(U) is invertible, a chart for the log structureMY0 around f(η) is given
by
MY0|U −→ MY0|U
x 7−→ sx
y 7−→ s−bsy
t 7−→ st
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for an open neighbourhood U of f(η), where x · y = tb. The morphism
f [η :MY0,f(η) −→ MC,η
sx 7−→ ϕx(z) · tα
sy 7−→ ϕy(z) · tβ
s = ss 7−→ ϕs(z)(5.3)
is determined by ϕx, ϕy, ϕs ∈ k(z) \ {0} and α, β ∈ N \ {0} such that α+ β = b
and ϕxϕy = ϕ
b
s.
We will demand the non-complete components of the domain of a log map to satisfy
the following condition, which will in the next sections ensure the balancing condition
(2.1,iii) on the negative vertices of tropicalizations of log corals in 6.8.
Definition 5.7. Let f : C† → Y †0 be a log coral and let C ′ be a non-complete compo-
nent of C. Let val∞ : k(z) → Z be the valuation at z = ∞. We call f asymptotically
parallel at C ′ if the following holds.
i) val∞(ϕx) = 0, if f is transverse at C ′.
ii) val∞(ϕβx/ϕ
α
y ) = 0, if f is non-transverse at C
′ .
where ϕx and ϕ
β
x/ϕ
α
y are as in Remark 5.6.
Definition 5.8. A log map f : C† → Y0† is called a log coral if f is asymptotically
parallel at each non-complete component of C.
We will sometimes replace Y0 by an open subset of it containing im f or by the
Z-quotient of it. The definition of log corals then still makes sense with the obvious
modifications.
5.2. The point at infinity. Let f : C† → Y0† be a log coral and C ′ ⊂ C be a non-
complete irreducible component of C. The restriction f |C′ : C ′ → Y0 factors over an
irreducible component A1 × P1 ⊂ Y0. Hence, we have a morphism f ′ : C ′ → A1 × P1
satisfying
(5.4) ι ◦ f ′ = f |C′
where ι : A1 ↪→ P1 ⊂ Y0 is the inclusion map. Let
ϕ := pr1 ◦ f ′ : C ′ → A1
φ := pr2 ◦ f ′ : C ′ → P1
where pr1 and pr2 are the projection maps from A1 × P1 onto the first and second
factors respectively. The map ϕ : A1 → A1 is identically equal with s ◦ f |C′ as in 5.4,
46 HU¨LYA ARGU¨Z
so it is dominant. Thus, it extends uniquely to a morphism ϕ˜ : P1 → P1 where the
domain of ϕ˜ is the completion {∞C′} ∪ C ′ ∼= P1 of C ′ along the point at infinity ∞C′
on C ′. Now compactify A1 × P1 ⊂ Y0 to P1 × P1 along D∞ = P1 to which we refer to
as the divisor at infinity and we call
q∞ = ϕ˜(∞C′) ∈ D∞.
the point at infinity. See the following figure for an illustration.
f˜ |C ′
pr2
pr1
D∞
pC ′
∞C ′
P1
A1
q∞
A1
By Hurwitz’s formula ϕ˜ : P1 → P1 is a covering totally branched at infinity. The
branching order is defined as follows.
Definition 5.9. Let f : C† → Y †0 be a log coral with a non-complete component
C ′ ⊂ C and let ϕ = s ◦ f |C′ be defined as in (Defn. 5.4,(iii)). We say C ′ has branching
order w ∈ N \ {0} if the degree of the covering ϕ˜ : P1 → P1 equals w.
We will next describe the position of q∞ on D∞. Let
υ : SpecC[w] \ {0} → SpecC[z] \ {0}
w 7→ 1
z
and
υ∗ : C(z) → C(w)
r 7→ r ◦ υ
be the morphism on fraction fields induced by υ. Let ϕx and ϕ
β
x/ϕ
α
y be defined as in
Remark 5.6. Then, the position of q∞ ⊂ D∞, referred to as the virtual position at
infinity, is given by
i.) υ∗(ϕx)(0) if f is transverse at C ′
ii.) υ∗(ϕβx/ϕ
α
y )(0) if f is non-transverse at C
′
LOG-GEOMETRIC INVARIANTS OF DEGENERATIONS 47
5.3. The set up of the counting problem. In this section we set up the counting
problem for log corals f : C† → Y0†.
We assume the charts for the log structureMY0 are given as in 4. Recall the charts
forMC are described using Theorem 5.3. For generic points we have the isomorphism
MgpC,η → Z
t¯a 7→ a
and for marked points p of C have the isomorphism
MgpC,p → Z⊕ Z
(t¯a, z¯b) 7→ (a, b)
and throughout this section we denote by pri : MgpC,p → Z the projection to the i-th
factor for i = 1, 2.
Explicitly, we take the following charts for MC around generic and marked points.
(i) For a generic point η of an irreducible component of C;
MC,η −→ MC,η
t¯ 7−→ st
(ii) For a marked point p of C;
MC,p −→ MC,p
t¯ 7−→ st
z¯ 7−→ sz
We first discuss how to assign an element of N to marked points and to non-complete
irreducible components of the domain C of a log coral f : C† → Y †0 . This will lead us
to the definition of the coral degree ∆ and degeneration order λ.
Let f : C† → Y †0 be a log coral with marked points (p1, . . . , pl+1). Following the
general scheme in [GS4], for each marked point pi we now define an element of N
recording the logarithmic contact order of pi with Y0 as follows. Let Ξ ∈ P be the
interval such that the corresponding toric chart
(C(CΞ))∨ ∩ (M ⊕ Z) −→ Γ(UΞ,MY )
covers f(pi). Composing with f [ and restricting to pi thus yields a homomorphism of
monoids
(C(CΞ))∨ ∩ (M ⊕ Z) −→MY,f(pi)
f[pi−→MC,pi = N⊕ N.
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The two factors of N⊕N inMC,pi are generated by the smoothing parameter st and by
the equation defining pi in C, respectively. Taking the composition with the projection
to the second factor thus defines a homomorphism
ui : (C(CΞ))
∨ ∩ (M ⊕ Z) −→ N,
that is, an element of C(CΞ) = ((C(C))∨)∨. Since by definition this homomorphism
maps (0, 1) ∈M ⊕ Z to 0, it lies in (0, 1)⊥ = N ⊕ {0} ⊂ N ⊕ Z. Moreover, identifying
N ⊕{0} with N , the intersection of C(CΞ) with NR⊕{0} agrees with the asymptotic
cone of CΞ. We have thus defined, for each marked point pi ∈ C, an element ui ∈ N
contained in the asymptotic cone of the relevant cell of CP.
Now, given a log coral f : C† → Y †0 , again following [GS4], each non-complete
component C ′ ' A1 of C determines an integral point inB = CR as follows. Let Ξ ∈P
be the interval with the corresponding log chart containing f(η). The composition of
the chart with the restriction to the stalk at η defines a homomorphism
φη : (C(CΞ))
∨ ∩ (M ⊕ Z) −→MY,f(η)
f[η−→MC,η = N.
Since f is a log morphism relative to the standard log point, φη(0, 1) = 1. Thus viewed
as an element of N ⊕ Z, we have φη ∈ N ⊕ {1}. Define
(5.5) uη = φη − (0, 1)
as an element of N = N ⊕ {0} ⊂ N ⊕ Z. Moreover, φη(s) = 0 for C ′ does not lie in
Y0. This means φη ∈ C(Ξ× {1}), and in turn uη maps to an element of N \ {0} under
the projection N = Z⊕ Z→ Z to the height.
To define the coral degree for C ′, we multiply uη with the branching order at infinity,
which is defined as in (5.9) by pulling back s ∈ O(Y ) to C ′ and taking the negative of
the valuation at the point at infinity, ∞C′ , of C ′.
wη = − val∞(f ](s))(5.6)
Note that wη ∈ N \ {0} since f ](s) is a non-constant regular function on C ′ ' A1.
Now, under these conventions we can define the coral degree as follows.
Definition 5.10. The coral degree (C-degree) with `+1 positive and m negative entries
is a tuple
∆ := (∆
`+1
,∆m) ⊂ N l+1 ×Nm
of elements in the lattice N with
pr2(∆i) > 0
pr2(∆j) < 0
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for all i, j where by pr2 : N = Z ⊕ Z → Z we denote the projection onto the second
factor.
Definition 5.11. A log coral f : C† → Y0† with `+ 1 marked points
{p0, p1, . . . , p`}
and m non-complete components
C ′1, · · · , C ′m
is said to be of coral degree ∆ := (∆
`+1
,∆m) if the following conditions hold
(i) For each marked point pi of C, the composition
pr2 ◦ (f [f(pi))gp :M
gp
Y0,f(pi)
→MgpC,pi → Z
equals ∆i.
(ii) For each non-complete component C ′ ⊂ C with generic point ηj, the morphism
wj · uj defined by Equations (5.5) and (5.6) equals ∆j.
Now to ensure finiteness of the number of morphisms f¯ [ : f−1MY0,f(p) → MC,p on
the level of ghost sheaves we need more constraints also regarding the t-powers, which
we define as follows.
Definition 5.12. Let f : C† → Y0† be a log coral of coral degree ∆ := (∆`+1,∆m). Let
{p0, . . . , p`} ⊂ C be the set of marked points on C, such that pj ∈ Cj for a complete
component Cj of C. Let ηj denote the generic point of Cj and let
λ := (λ1, · · · , λ`) ∈
∏`
i=1
N/(N ∩ R∆j)
We say f : C† → Y †0 has degeneration order λ if the image of
(f¯ηj :MY0,f(ηj) →MC,ηj ∼= N) ∈ N
under the quotient map
N → N/(N ∩ R∆j)
is equal to λj for all j = 1, . . . , `.
Note that the degeneration order describes a constraint on all but one marked points.
Next we describe an additional constraint referred to as a log constraint, which does
not have a tropical analogue unlike the degeneration order and coral degree (which
tropically will correspond to fixing asymptotic constraints and the tropical degree re-
spectively as we will observe in section 6). However, to ensure the finiteness of the lifts
of the morphism f¯ [ : f−1MY0 →MC on the level of ghost sheaves to a log morphism
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f : C† → Y0† we will need the additional log constraints which we define after the
following discussion.
Discussion 5.13. Let f : C† → Y †0 be a log coral. Let Cj ⊂ C be a complete
component. Let u ∈ N be an asymptotic direction, which is one of the entries of the
coral degree (5.10) and let λ a degeneration order defined as in 5.12. Let λ˜ ∈ N be a
lift of λ under the quotient homomorphism N → N/Z ·u. Then, the pair (u, λ) defines
the two-plane
Hu,λ = R · (u, 0) + R · (λ˜, 1) ⊂ NR ⊕ R.
Let mu,λ span the rank one subgroup H
⊥
u,λ ∩ (M ⊕ Z) of M ⊕ Z. To fix signs we ask
mu,λ to evaluate positively on (1, 0, 0). Denote by
su,λ ∈ Γ(Y0,MgpY0)
the corresponding section induced by the rational function zmu,λ on Y . Thus for any
log coral f : C† → Y †0 we obtain a section
f [(su,λ) ∈ Γ(C,MgpC )
Since, mu,λ span H
⊥
u,λ ∩ (M ⊕ Z), we have f [p(su,λ) ∈ O×C,p. It thus makes sense to
evaluate at p to obtain a non-zero complex number
f [p(su,λ)(p) ∈ C×.
Similarly, when we consider a non-complete component C ′ ⊂ C, then C ′ uniquely
determines a point v ∈ ∂CR (see 6 for more details). Then, we take the two-plane
spanned by (u, 0) and (v, 1) for u, v ∈ N , where u is the vector enamating from v
in the direction of the origin in NR. Analogously, we denote the monomial obtained
from the pair (u, v) by mu,v and the corresponding section by su,v. Now a log coral
f : C† → Y †0 with a non-complete component C ′ ⊂ C with generic point corresponding
to v is asymptotically parallel (5.7) if and only if f [(su,v) extends over the point at
infinity,∞C′ , of C ′ ' P1 \{∞}. In this case we can thus obtain a well-defined complex
number as
f [p(su,v)(∞C′) ∈ C×.
Indeed, f [p(su,v = ϕx if f is transverse at C
′ and f [p(su,v) = ϕxβ/yα if f is non-transverse
at C ′ where ϕx and ϕxβ/yα are defined as in Remark 5.6 respectively.
Definition 5.14. We call a tuple
ρ = (ρ`, ρm) ⊂ (C×)` × (C×)m
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a log constraint of order (`,m). A log coral f : C† → Y0† with ` + 1 marked points
and m non-complete components, for `,m ∈ N \ {0} matches a log constraint of order
(l,m) if the following holds.
i.) C has `+1 marked points p0, . . . , p` such that f
[
pj
(su,λ)(pj) = ρj, for j = 1, . . . , `,
that is for all but one marked points.
ii.) C has m non-complete components C ′1, . . . , C
′
m with generic points ηj and
f [ηj(su,v)(pC′j) = ρj, for j = 1, . . . ,m, where pC
′
j
is the point at infinity on
C ′j as in 5.5.
where f [(su,λ) and f
[
ηj
(su,v) are defined as in Discussion 5.13.
Definition 5.15. Let L∆,λ,ρ be the set of all log corals f : C
† → Y †0 of coral degree
∆, degeneration order λ and matching a log constraint ρ. Define N log∆,λ,ρ to be the
cardinality
N log∆,λ,ρ := |L∆,λ,ρ|
If N log∆,λ,ρ is finite this defines a number giving us a count of log corals. In 7.8 we will
see that, indeed it is a finite number given by
N log∆,λ,ρ = N
trop
∆,λ
where N trop∆,λ is the tropical count defined in 2.5.
Remark 5.16. A priori, L∆,λ,ρ has the structure of a stack, and it is a closed substack of
a larger algebraic stack of log maps with some non-complete components. In the present
case we are in the comfortable situation that due to unobstructedness of deformations,
L∆,λ,ρ turns out to be a reduced scheme over C of finite length, hence really does not
carry more information than the underlying set.
6. Tropicalizations
In this section we will define the tropicalization of a log scheme and explain how a
log coral f : C† → Y †0 induces a map
f trop : Trop(C†)→ Trop(Y †0 )
between the associated tropical spaces, referred to as the tropicalization of f . The
main result we will establish in this section is that the tropicalization of a log coral is
a tropical coral (6.8).
Definition 6.1. Let X† be a log scheme endowed with the Zariski topology. The
tropical space associated to X† denoted by Trop(X) referred to as the tropicalization
52 HU¨LYA ARGU¨Z
of X† is defined as
Trop(X) :=
(∐
x∈X
Hom(MX,x,R≥0)
)/
∼
where the disjoint union is over all scheme-theoretic points x of X and the equivalence
relation is generated by the identifications of faces given by dualizing generization maps
MX,x →MX,x′ when x is a specialization of x′ ([GS4], Appendix B). One then obtains
for each x a map
ix : Hom(MX,x,R≥0)→ Trop(X).
which is injective since MX is fine in the Zariski topology.
Now, given a log coral f : C† → Y0† and a closed point x ∈ C, the map f¯ [x :
MY0,f(x) →MC,x induces a morphism Hom(MX,x,R≥0)→ Hom(MY,f(x),R≥0). Hence
we obtain the morphism
f trop : Trop(C)→ Trop(Y0)
referred to as the tropicalization of f which is compatible with the equivalence relations
defining Trop(C) and Trop(Y0). Now we restrict to the case of current interest that Y0
is the fibre over t = 0 of the degeneration of the unfolded Tate curve Y → SpecC[s, t]
defined by an integral polyhedral decomposition CPb of (part of) NR with N ' Z2
([GS3] and [NS]). Thus the cones of the fan defining Y are C(CΞ) ⊂ NR ⊕R, and the
morphism to A1 is defined by projecting this fan to the last coordinate.
Given a log coral f : C† → Y †0 and a closed point x ∈ C of the domain if f(x) lies in
the big cell of the toric stratum of Y0 defined by CΞ ∈ CPb, then
MY0,f(x) = C(CΞ)∨ ∩ (M ⊕ Z)/C(CΞ)⊥ ∩ (M ⊕ Z)
Dualizing yields
M∨Y0,f(x) ⊂ C(CΞ) ∩ (N ⊕ Z),
with M = Hom(N,Z).
Notation: In the remaining part of this section, we write CZ for the integral points of
a cone C in a finitely generated free abelian group.
ForM∨C,x we have the three possibilities N, N⊕N and N⊕N N2, for x a non-special or
generic point, a marked point or a node, respectively by Theorem 5.3.
For any (scheme-theoretic) point x ∈ C, the map of log structures on the ghost sheaf
level is given by a homomorphism of toric monoids4 f
b
x :MY0,f(x) →MC,x. Dualizing
4For higher genus of C we need to work with the e´tale topology on C here, but since our interest
in this paper is with rational curves exclusively, the Zariski topology suffces.
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yields
(6.1)
(
f
b
x
)∨
:M∨C,x −→M∨Y0,f(x).
We claim that the collection of all this data is conveniently encoded in a tropical coral.
That is, given the tuple (f, f
[
) consisting of a scheme-theoretic map f : C → Y0 and a
morphism f
[
: f−1MY0 →MC on the level of ghost sheaves, we construct of a tropical
coral associated to (f, f
[
), referred to as the tropicalization of f (or the tropicalization
of (f, f
[
)). For details see ([GS4],§1.4).
Construction 6.2. (1) (Vertices) If x = η is a generic point, Equation (6.1) de-
fines a map
Vη : N −→ C(CΞ)Z.
By ([GS4],pg 13,line 25), Vη(1) projects to a ∈ Z under the projection C(CΞ)Z →
Z to the last coordinate. Thus Vη may be viewed as an integral point in
a · CΞ ⊂ NR × {a}, the copy of NR at height a in NR × R.
(2) (Edges) If x = q is a nodal point of C with local equation zw = teq , we have a
homomorphism
(f
b
q)
∨ : (N⊕N N2)∨ −→ C(CΞ)Z.
The domain of this map is the set of integral points of the cone C([0, eq]),
over the interval of integral length eq. If η1, η2 are the generic points of the two
irreducible components of C containing q (necessarily different since genus(C) =
0), then the two extremal generators (0, 1) and (eq, 1) of C([0, eq]) map to Vη1
and Vη2 under f
b
q)
∨, respectively. Thus (f
b
q)
∨ is completely determined by the
vertices Vηi corresponding to the irreducible components adjacent to q and eq.
This data can be conveniently encoded by an edge connecting Vη1 and Vη2 in
NR × {b}, with associated weight wq = eq. It can also be shown that there is
an integral vector uq ∈ N with
Vη2 − Vη1 = equq.
(for details see [GS4], discussion 1.8).
(3) (Marked points) If x = p is a marked point, the homomorphism is
(f
b
q)
∨ : N⊕ N −→ C(CΞ)Z.
The generator of the ghost sheaf N of the standard log point, generates one of the
two factors of N⊕N, say the first one. Then the second factor is generated by a
local coordinate of C on a neighbourhood of p. Then (f
b
q)
∨ is a map with domain
the integral points of the two-dimensional cone R2≥0. The first generator (1, 0)
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maps to Vη, with η the generic point of the irreducible component containing
p. The second generator maps to some element up ∈ C(CΞ)∩ (N ×{0}). Thus
up can be viewed as an element of the asymptotic cone of CΞ. We represent
this element tropically by an unbounded edge emanating from Vη in direction
up with weight equal to the divisibility of uq (the largest natural number wp
with w−1p uq ∈ N . We refer to wp ∈ N \ {0} as the contact order of the marked
point p.
(4) (Balancing) For η the generic point of a complete irreducible component of C
the adjacent edges fulfill the balancing condition∑
x∈cl(η)
wxux = 0.
Here x runs over the set of special points p, q in the closure of η in C.
Remark 6.3. In [GS4], Proposition 1.15, a modified balancing condition is stated for
general log schemes. It is shown that for a log map f : C† → Y †∑
x∈cl(η)
wxux +
∑
x∈cl(η)
τx = 0.
where the first summand is as in construction 6.2, (4) above and the τx is defined
as follows. Given an irreducible component D ⊂ C with normalization g : D˜ → C
and M = f ∗MY denotes the log structure on C defined by the pull-back of the log
structure on Y defined as in ([G],Defn 3.10)5, τx is the composition
τx : Γ(D˜, g
∗M)→ PicD˜ deg−−→ Z
mapping a section m ∈ Γ(D˜, g∗M) to the degree of the corresponding O×
D˜
torsor
Lm ∈M|D˜. Note that any section m ∈ Γ(D˜, g∗M) gives rise to an O×D˜ torsor
Lm := κ
−1(m) ⊂ g∗M
where κ :M /O
×
−−→M is the quotient homomorphism. To adopt this result to our case
we need to show that τx vanishes identically. This indeed holds in all toric situations,
which we show in (6.11,6.12).
Let now f : (C,MC)→ (Y0,MY0) be a log coral. Thus Y0 is the central fibre of the
degeneration of the unfolded Tate curve and C has some non-complete components,
isomorphic to A1. The image of Ctrop under f trop then has one vertex in the interior of
CR for each irreducible component mapping to s−1(0) ⊂ Y0 and one vertex in the lower
boundary ∂CRR for each A1-component. Each marked point of C necessarily maps to
s−1(0) and gives rise to an unbounded edge (a positive end of the associated tropical
5By abuse of notation the pull-back log structure f∗MY is sometimes denoted by f−1MY
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coral). The balancing condition at the interior vertices follows from the balancing result
of [GS4]. What is not obvious from the established picture is the balancing condition
at the vertices on ∂CR. We show this at the end of this section. First let is describe
the tropicalizations of the domain C and of Y0 in more detail.
The tropicalization Trop(C) of the domain of a log coral will be given by the dual
graph of C constructed as follows.
Construction 6.4. Let f : C† → Y †0 be a map log coral. Assume g(C) = 0. Then,
the dual graph of C is constructed as follows.
i.) Define the set of vertices V (G) so that there is a vertex vj ∈ V (G) for each
irreducible component Cj ⊂ C.
ii.) Define the set of bounded edges Eb(G) so that an edge eij ∈ Eb(G) connect-
ing two vertices vi and vj exists if and only if the corresponding irreducible
components Ci ⊂ C and Cj ⊂ C intersect.
iii.) Define the set of unbounded edges denoted by E+(G) so that for each edge ej ∈
E+(G) adjacent to a vertex vj ∈ V (G) there exist a marked point pj ∈ Cj ⊂ C
on the irreducible component Cj corresponding to vj.
We refer to a vertex v ∈ V (G) a negative vertex if v ∈ ∂CR and in this case the
corresponding component Cv ⊂ C is non-complete.
Proposition 6.5. Let f : C† → Y †0 be a log coral. Then, the tropicalization Trop(C)
of the domain C† is the cone C(G) over the dual graph G of C.
Proof. Recall from Theorem 5.3 that there are three possibilities of closed points x ∈ C,
with the stalk MC,x is either N, N ⊕ N or N ⊕N N2, for x a generic point, a marked
point or a node, respectively. Then, the vertices of G correspond to generic points
η, unbounded edges (or the flags of the graph G) correspond to the marked points
and bounded edges correspond to nodes. So, the result is a direct consequence of the
Definition 6.1. 
Note that there is a length function ` : Eb(G)→ Z defined as follows. Let eq ∈ Eb(G)
be a bounded edge such that eq corresponds to the node q ∈ C with
MC,q = N⊕N N2 = Se
where Se is the monoid obtained by the push-out of the diagonal map N→ N2 and the
the homothety N ·e−→ N for e ∈ N \ {0}. Define
` : Eb(G) → Z
eq 7−→ e
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Now, given a log coral f : C† → Y †0 to describe the tropicalization of Y0 we first define
the tropicalization of Y .
Proposition 6.6. Let Y → SpecC[s, t] be the degeneration of the unfolded Tate curve.
And let Y0 be the central fiber over t = 0. Then,
(i) The tropicalization Trop(Y ) of Y is the cone C(CR) over the truncated cone
CR endowed with the polyhedral decomposition CPb.
(ii) Trop(Y ) = Trop(Y0)
Proof. Recall from section 1.1 that Y is the toric variety associated to (CPb, CR).
Since the log structure on Y is fine and constant along any open toric strata it follows
from Definition 6.1 that Trop(Y ) is the cone over the fan associated to Y . Note that
this holds for any toric variety, hence in particular for Y . This proves (i). To show
(ii), observe that for the subvariety Y0 ⊂ Y the following holds, given any closed point
x ∈ Y , we have x ∩ Y0 6= ∅. Therefore, (ii) follows. 
Lemma 6.7. Let f : C† → Y0† be a log coral with associated tropicalization map
f trop : C(G) → C(CR). Then, there are height functions hC : C(G) → R≥0 and
hY0 : C(CR)→ R≥0 fitting into the following commutative diagram.
C(G) f
trop
//
hC %%
C(CR)
hY0

R≥0
Proof. Let SpecC† := (Spec C,N⊕ C) be the standard log pont. By Defiintion 6.1, it
follows that the tropicalization of SpecC† is
Trop(SpecC†) = R≥0
Hence, the result follows by the functoriality of the tropicalization map and the com-
mutativity if the diagram in Definition 5.4. 
Note that by restricting f trop : C(G) → C(CR) to h−1C (1) in the above Lemma 6.7,
we obtain a tropical coral h : Γ→ CR.
Now, we are ready to prove the main theorem of this section.
Proposition 6.8. The tropicalization of a log coral is a tropical coral.
Proof. It remains to prove the balancing condition at the lower boundary of the trun-
cated cone CR. Let f : C† → Y †0 be a log map such that C has an unbounded
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irreducible component C ′ ⊂ C with generic point η and let v ∈ ∂CRR be the vertex
corresponding to C ′. Define the quotient map
piv : N → N / R · v ∩N
So, piv gives an element mv ∈ Hom(N,Z) = M . Define
xv := z
mv ∈ C[M ]
Observe that f ∗(xv) = f ∗(x) if f is transverse at C ′ and f ∗(xv) = f ∗(xβ)/f ∗(yα) if f
is non-transverse at C ′ where x and α, β are as in Remark 5.6. In any case, we have∑
z∈C′
valz(f
∗xv) =
∑
z∈P1\{∞}
valz(f
∗xv) = 0
since from the asymptotically parallel condition we know val∞(f ∗xv) = 0 and the sum
of orders of poles and zeroes of the rational function f ∗xv on P1 is zero.
Let z1, . . . , zk ∈ C ′ be the special points and let the corresponding edges emanating
from V have direction vectors (with weights) ξ1, . . . , ξk. Note that if zi is a marked
point then ξi = ui and if zi is a node then zi = uq where ui, uq are defined as in
(2), (3) in Construction 6.2. Then, piv(
∑k
i=1(ξi)) =
∑
z∈C′ valz(f
∗xv) = 0 and hence
the tropical balancing condition (2.1,iii) is satisfied.

Remark 6.9. Let f : C† → Y0† be a log coral with tropicalization h : Γ→ CR. Then it
follows from the definition of the incidence conditions on tropical and log corals that
under the tropicalization map, the coral degree of f : C† → Y0† corresponds to the
degree of h : Γ→ CR, while the degeneration order of f : C† → Y0† corresponds to the
asymptotic constraints on h : Γ → CR. Note also that, we fix the degeneration order
of a log coral in a way so that the corresponding tropical incidence conditions are in
the stable range, hence the tropicalization defines a general tropical coral.
Furthermore, the contact order at a marked point (6.2,(3)) corresponds to the weight
on the corresponding unbounded edge while the branching order of a non-complete com-
ponent C ′ ⊂ C (Defn. 5.9) of a general log coral corresponds to the weight associated
to the edge adjacent to the vertex vC′ ∈ CR corresponding to C ′.
6.1. Lifts of morphisms on the level of ghost sheaves to log maps. We have
seen throughout the last section that the data given by the tuple (f, f
[
) consisting of
a scheme-theoretic morphism f : C → Y0 and a morphism f [ : f−1MY0 →MC can be
encoded tropically on a tropical coral. In this section, in Theorem 6.11, we investigate
on the lifts of (f, f
[
) to log corals.
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Definition 6.10. Let (C,MC) be a log smooth curve of genus zero over the standard
log point (5.2) and (Y0,MY0) be the central fiber of the degeneration of the unfolded
Tate curve endowed with the log structure defined as in 4. The tuple (f, f
[
) consisting
of a scheme-theoretic morphism f : C → Y0 and a map f [ : f−1MY0 → MC of
ghost sheaves. We say the tuple (f, f
[
) lifts to a log coral if there exist a log map
f [ : f−1MY0 →MC fitting into the following commutative diagram
f−1MY0

f[
//MC

f−1MY0
f
[
//MC
and the pull-back log structure f ∗MY0 → OC factors over a log structure MC → OC .
Theorem 6.11. Let (f, f
[
) be as in Definition 6.10. Let κY0 : MY0 → MY0 and
κC :MC →MC be the quotient homomorphisms. For any section m of MY0 define
Lm = κY0−1(m)
Lf¯[(m) = κC−1(f¯ [(m))
Then, Lm and Lf¯[(m) are trivial torsors and a lift f [ : f−1MY0 → C of (f, f
[
) is
uniquely determined by a map of torsors,
ϕm : Lm → Lf[(m)
Proof. Let x ∈ Y0 be a closed point and let κ(Y0,x) :MY0,x →MY0,x be the morphism
on stalk level induced by κY0 . By abuse of notation we denote the morphism of sheaves
and the morphism of Grothendieck groups of the sheaves by the same letters.
Since Y0 is toric, MgpY0 is globally generated, that is any germ of a section is the
restriction of a global section. So, there is a surjection Γ(Y0,MgpY0)  M
gp
Y0,x
fitting
into the following commutative diagram
Γ(Y0,MgpY0)
κY0

//MgpY0,x
κ(Y0,x)

Γ(Y0,MgpY0) // //M
gp
Y0,x
Thus, to define the lift of f
[
: f−1MY0 →MC to a log map, it suffices to define a map
of torsors ϕm : Lm → Lf[(m) for m ∈ Γ(Y0,MY0) consistently (cf. Discussion 1.13 in
[GS4]). We will show that such both torsors Lm and Lf¯[(m) are trivial and such a map
exists.
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First observe that, since we are in a purely toric situation any of the torsors Lm ⊂
f−1MY0 are trivial, because the degree of Lm := κ−1(m) (which by definition the sum
of poles and zeroes of the corresponding rational function zm on the total space Y → A2
of the degeneration of the unfolded Tate curve) is clearly zero. Therefore a necessary
and sufficient condition for the map Lm → Lf[(m) to exist is Lf[(m) to be trivial. Since
the genus of C is zero, the torsor Lf[(m) is trivial if and only if the degree of Lf[(m)
restricted to each irreducible component Cη ⊂ C vanishes. That is,
degCη Lf[(m) = 0
Assume Cη is a complete component of the domain admitting nodal points q1, . . . , qn
and marked points p1, . . . , pm. Let the corresponding morphisms uqi , upj be defined as
in section 6 for each i = 1, . . . , n and j = 1, . . . ,m. By Remark 4.3 in [GS4] we have
degCη Lf[(m) =
∑
i
〈upi , f [(m)〉+
∑
j
〈uqi , f [(m)〉
which vanishes by the balancing condition 6.3. If Cη ⊂ C is a non-complete component
we again have the vanishing of degCη Lf[(m) as a consequence of the balancing condition
on non-complete components as shown in the proof of Proposition 6.8. Therefore,
Lf[(m) is trivial and hence the result follows. 
Remark 6.12. The Theorem 6.11 holds for any log map, whose domain is a genus zero
curve, to a any toric variety. This immediately follows by replacing Y0 by any toric
variety in the proof above.
7. The log count agrees with the tropical count
7.1. Extending log corals to log curves. In this section we will discuss the exten-
sions of log corals f : C† → Y †0 to log maps fe : C† → U †0 where C does not admit
non-complete components. We will exhibit a bijection between the log corals and their
extensions. We will first describe the construction of the compactification of U0 which
we denote by U0 and describe a polyhedral decomposition on it, for a suitably chosen
open subset U0 ⊂ Y0. We will then discuss the completion C of C and finally show the
bijection between log corals and their extensions in Theorem 7.6.
Let ∆ be a degree of a tropical coral and let λ be an asymptotic constraint. Let
I ⊂ R be a closed interval in R, chosen big enough such that the images of all tropical
corals hi : Γi → CR for i = 1, . . . , k matching (∆, λ) have support in CI ⊂ CR. Let
Pb be the b-periodic polyhedral decomposition of R as in section 1.1 for b ∈ N \ {0}
fixed. Define a polyhedral decomposition
PI ⊂Pb
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such that cells σ′ ∈PI are given by σ′ = σ ∩ I for a cell σ ∈P.
Let CPI be the polyhedral decomposition of the truncated cone over I induced by
PI , as defined in Defn 1.2. Consider the toric degeneration, U → A1, associated to
(CPI , CI). The central fiber of this degeneration, U0, is an open subset of Y0 such
that the image of any log coral f : C† → Y †0 whose tropicalization is h lies inside U0.
We define the completion U0 of U0 by extending the polyhedral decomposition CPI
of CI to a polyhedral decomposition P˜ of R2 by applying the following steps:
1.) Add the horizontal line l := R× {1} at height 1 to |CPI |.
2.) Extend each half line meeting l to a line which passes through the origin. This
defines a polyhedral decomposition of R2 denoted by P˜.
3.) Add 2-cells bounded by the 1-cells obtained by items 1.) and 2.), to achieve
P˜ = NR = R2.
The new polyhedral decomposition P˜ is called the extended polyhedral decomposition
of CP. Then U0 is the fibre over t = 0 of the toric degeneration U → SpecC[s, t]
associated to (NR, P˜ ). We endow U with the divisorial log structure M(U,U0). Then
U0 and U0 ⊂ U carry log structures obtained by the pull-back of M(U,U0).
Note that U0 is a complete variety containing U0 as an open subset and it has a
component
Z0 ⊂ U0
where Z0 is the complete toric variety described by the Z2 symmetric fan at the origin.
The one cells of this fan are given by m lines passing through the origin in R2, where
m is equal to the number of negative vertices of the coral graph Γ. We define the
extension fe : C
† → U †0 of a log coral f as follows.
Definition 7.1. Let f : C† → Y †0 be a log coral with tropicalization h : Γ→ CR. Let
h˜ : Γ˜→ R2 be the tropical extension of h : Γ→ CR constructed as in 2.12. We call a
log map fe : C
† → U †0 a log extension of f if fe|C = f and the tropicalization of fe is h˜.
Remark 7.2. It follows from the Definition 7.1 of a log extension fe : C
† → U †0 of a log
coral f : C† → Y †0 that the domain C is obtained from C as follows.
1.) For each non-complete component C ′ ⊂ C, take the completion C ′ of C ′ at the
point at infinity ∞C′ .
2.) Attach transversally a copy of P1 for each non-complete component C ′ ⊂ C
such that
∞C′ = C ′ ∩ P1
is the nodal intersection point.
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Note that the log extension of a log coral is a particular type of a log map in the
sense of [GS4]. Our next aim is to set up a counting problem for log maps f : C˜ → U0
that extend log corals. So, let C˜ be a proper log smooth curve over SpecC†, which is
the case treated in [GS4]. We also assume g(C) = 0 throughout this section. To set
up the counting problem for log maps f : C → U0 we need to fix constraints similarly
as in section 5.3. The log degree ∆˜, the extended degeneration order λ˜ and the log
constraints for a log map denoted by ρ˜ are defined analogously as the 5.10, 5.12 and
5.14 respectively. We will only define the log degree in a moment, as the definitions
of the other constraints will follow immediately from the analogous definitions for log
corals.
Definition 7.3. The log degree with ` + 1 positive and m negative entries is a tuple
elements in N given by
∆˜ := (∆˜
`+1
, ∆˜
m
) ⊂ N `+1 ×Nm
with
pr2(∆˜i) > 0 and pr2(∆˜j) < 0
A log map f : C˜† → U †0 with (`+ 1) +m marked points x0, . . . , x`, p′1, . . . , p′m for some
`,m ∈ N \ {0} is said to be of log degree ∆˜ := (∆˜`+1, ∆˜m) if the following conditions
hold
(i) For i = 1, . . . , `+ 1, the composition
pr2 ◦ (f [f(xi))gp :M
gp
Y0,f(xi)
→MgpC,xi → Z
equals ∆˜i.
(ii) For j = 1, . . . ,m the composition
pr2 ◦ (f [f(pj))gp :M
gp
Y0,f(pj)
→MgpC,pj → Z
equals ∆˜j.
Definition 7.4. We refer to the incidence conditions (∆˜, λ˜, ρ˜) as the extended log
incidences.
Lemma 7.5. Let f˜ : C
† → U †0 be a log map matching extended log incidences (∆˜, λ˜, ρ˜).
Then the projection from the fibre product f˜ ×U0 U0 → U0 composed with the open
embedding U0 → Y0 is a log coral matching the same constraints.
Proof. The result is an immediate consequence of the fact that f [(su,v) defined as in
5.14 is a non-zero regular function on the whole added component, hence constant.
Therefore, the extended log incidences on the additional marked points of the log
extension is immediately encoded on the non-complete components of the log coral. 
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Our main result in this section is the following theorem.
Theorem 7.6. Let ∆, λ, ρ be degree, degeneration order and log constraint respectively.
Denote by L˜∆,λ,ρ and L∆,λ,ρ the sets of isomorphism classes of log maps and of log corals
of degree ∆, degeneration order λ and log constraint ρ, respectively. Then the forgetful
map
L˜∆,λ,ρ → L∆,λ,ρ
defined in Lemma 7.5, is bijective.
Proof. Given a log coral (f : C† → Y †0 ) ∈ L∆,λ,ρ with support in U0 ⊂ Y0, we will show
that f has a unique extension f˜ : C
† → U †0 to a log map in L˜∆,λ,ρ.
First recall that the tropicalization h : Γ → CR of f extends uniquely to a tropical
curve h˜ : Γ˜ → NR by 2.3 of degree ∆ (determined by the degree of f) matching
an asymptotic constraint λ (determined by the degeneration order of f). We insert
additional divalent vertices v to Γ˜ corresponding to negative vertices v− of Γ. We
then again insert divalent vertices adjacent to each v− which map to the origin (cf
Construction 4.4, [NS]).
By functoriality of tropicalizations, h˜ is the tropicalization of any log extension
fe : C → R2, defined as in 7.1, of the log coral f : C → CR of the same degree and
degeneration order. We will show that such an extension indeed exists and is unique.
First we obtain C by replacing each non-complete component of C, an A1, by a
chain of two copies of P1’s with nodal intersection point corresponding to the point at
infinity of A1 as discussed in Remark 7.2.
Let D = P1 ⊂ C be one of the added components. We determine its image fe(D) by
consideration of the log constraints as follows. Recall from the discussion (5.13) that
each non-complete component of the log coral determines a monomial mu,v and hence
a section
su,v ∈ Γ(Y0,MgpY0)
with the property that f [(su,v) is invertible at the point at infinity, ∞. Moreover, the
corresponding log constraint ρ is the value
f [(su,v)(∞) ∈ C×.
For the extended log map fe, the torsor for the corresponding section fe
[(su,v) of
f¯−1e MU0 is trivial by the proof of Theorem 6.11 and Remark 6.12. Indeed, since mu,v
is orthogonal to the 2-plane in NR⊕R spanned by u and v, as a rational function zmu,v is
defined on the added component Z0 ⊂ U0 corresponding to the origin (as defined in 7.1)
and restricts to the constant function on f(D), with value the log constraint ρ ∈ C×.
From the tropical picture and the discussion in [NS],§5.1, we see that f˜ |D : P1 → Z0
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is a “divalent line”. This means that after a toric blow up (making f(D) disjoint from
zero-dimensional strata of Z0) and removing the toric prime divisors from Z0 disjoint
from f˜(D), the restriction f˜ |D is a cover of a line
{p} × P1 ⊂ C× × P1
for a point p ∈ C×, branched at most over the two intersection points with the toric
boundary of Z0. The covering degree agrees with the weight w of the edges adjacent
to the vertex of Γ˜ corresponding to D, hence is determined completely by the tropical
extension h˜. Now, consider the projection to the first factor C× × P1 → C×. So, the
rational function zmu,v restricts to C× and hence the position p ∈ C× of the line agrees
with the value of
f [(su,v) = f
](zmu,v)
along D which in turn agrees with the log constraint ρ of either the log coral or the
log map. Conversely, zmu,v = ρ defines a rational curve in Z0, and the w-fold branched
cover defines the extension fe on D. Hence, we have a unique extension of f : C → U0
to a stable map f
e
: C → Y 0. It remains to extend the log structure.
First, note that the extension C of C admits a log structureMC obtained from the
log structureMC on C such thatMC is unique up to isomorphism and C
†
= (C,MC)
is a log smooth curve over the standard log point. This follows immediately as the
extension C is obtained by adding only one node and one transversally attached P1
component with a unique marked point on each non-complete component of C.
Each added component D ⊂ C, a P1, maps into the interior of Z0. Hence the
extension of the log structure away from the added node q ∈ C is uniquely determined
by strictness, as in the torically transverse case of ([NS], Prop. 7.1). For the extension
at q observe that the stalk of Mgp
U0
at f(q) can be generated by two toric generators
sx, sy, where x and y are coordinates on a neighbourhood of q, fulfilling the equation
sx · sy = sbt
Explicitly, since all vertices of the tropical coral h map to integral points (see footnote
in §2.4), we can write x = (a, 1) with a ∈ Z. Let
mx,y = (−1, a, 0)
and denote the corresponding global section of Mgp
U0
, similarly as in discussion 5.13,
by sx,y. Then the quotient
(M ⊕ Z)/Z ·mx,y
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can be generated by the images of (0,−1, 1) and (0, 1, 0). Let
x = z(0,−1,1) = s−1
y = z(0,1,0)
be the corresponding rational functions on U and sx, sy the corresponding global sec-
tions ofMgp
U0
. If σ ∈ P˜ is the minimal cell containing (a, 1) and (0, 0), then (0,−1, 1)
and (0, 1, 0) lie in C(σ)∨. Thus
sx, sy ∈MU0,f(q)
and they generateMgp
U0,f(q)
up to powers of sx,y. Now sx,y becomes invertible upon pull-
back by fe and fe
[(sx,y) is therefore already given by the scheme-theoretic discussion
above. Thus to extend f : (C,MC)→ (Y0,MY0) to D it remains to specify the value
of fe
[
q (the stalk of fe
[ : fe
−MU →MC at q) on sx and sy in a way compatible with the
structure maps to OU0,f(q and with the equation sxsy = sbt . This is done completely
analogous to the torically transverse case, treated in the proof of Proposition 7.1 of
[NS]. The discussion shows that, fe
[
q exists uniquely as a map of log structures over the
trivial log point SpecC, but that working over the standard log point SpecC† brings
in a choice of a w-th root of unity. However, there is also an action of the Galois
group Z/m of the w-fold cyclic branched cover f
e
|D : D → fe(D) which acts simply
transitively on the set of such choices. Thus the extension is unique up to isomorphism,
finishing the proof. 
7.2. Reduction to the torically transverse case. Our goal is to show that the
count of tropical corals defined in equation 2.7 and the count of log corals defined in
5.15 match.
By Theorem 7.6 we know there exist unique a extension of a log coral to a log
map, whose tropicalization is the thropical extensions of the associated tropical coral
to the log coral. So, it is sufficient to show the counts of log extensions and tropical
extensions match. We will do this by first reducing the situation to the torically
transverse situation in a toric degeneration of a complete toric variety already treated
in [NS]. Toric transversality ([NS], Definition 4.1) means that the image of f : C → Y0
is disjoint from toric strata of codimension larger than one. The associated tropical
curve then can be read off as the dual intersection complex, and it maps to the 1-
skeleton of the polyhedral decomposition defining the considered degeneration.
Let fe : (C,MC)→ (U0,MU0) be the log extension of a given log coral f : C† → Y0†,
matching log incidences (∆˜, λ˜, ρ˜). Assume fe has tropicalization
(h˜ : Γ˜→ R2) ∈ T(Γ,u)(λ)
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of degree ∆, where R2 is endowed with the extended polyhedral decomposition P˜
defined in 7.1. Now, to ensure that the image of h˜ remains inside the 1-skeleton
of the polyhedral decomposition P˜ refine P˜ accordingly. To obtain an appropriate
refinement we simply add Γ˜ to the 1-skeleton of P˜. We do this refinement to P˜
simultaneously for all tropical curves h˜i : Γ˜i → R2 of degree ∆ matching λ and of type
(Γ, u). Note that by section 2.5, there are finitely many such tropical curves. This way
obtain a new polyhedral decomposition P˜ ′ of R2. Denote by W0 the fiber over t = 0
of the toric degeneration associated to P˜ ′. So, W0 carries the natural log structure
MW0 obtained by the pull-back of the divisorail log structure on the total space given
by the divisor W0 ⊂ W .
One can construct a log smooth degeneration of (U0,MU0) to (W0,MW0). This
statement follows from the following more general result on refinements of polyhedral
decompositions and their associated toric degenerations of toric varieties.
Lemma 7.7. Let P be an integral polyhedral decomposition of NR and P ′ an integral
refinement. Denote by pi : X → A1 and pi′ : X ′ → A1 be the associated toric degen-
erations of toric varieties. Assume that P and P ′ are regular, that is, they support
strictly convex piecewise affine functions. Then there is a two-parameter degeneration
p˜i : X˜ −→ A2
with restrictions to A1 × Gm and to Gm × A1 equal to pi × idGm and to idGm ×pi′,
respectively.
Proof. Let ϕ, ϕ′ be strictly convex, piecewise affine functions with corner loci (or non-
differentiability loci) P, P ′, respectively (by this we mean that the non-extendable
domains of linearity of ϕ, ϕ′ coincide with the maximal cells of P, P ′, respectively).
We can assume ϕ, ϕ′ are defined over the rational numbers and hence, after rescaling,
that they are defined over the integers. Denote by Φ : NR⊕R>0 → R the homogeniza-
tion of ϕ:
Φ : NR −→ R, Φ(x, λ) = λ · ϕ
(x
λ
)
.
Note that Φ is the restriction of a linear function on the cone C(σ) for any σ ∈ P.
Now the fan Σ = C(P) can be defined by the corner locus of Φ, that is, the maximal
elements of Σ are the domains of linearity of ϕ. Similarly, we define the homogenization
Φ′ of ϕ′.
Φ′ : NR −→ R, Φ(x, µ) = λ · ϕ′
(x
µ
)
.
To define a two-parameter degeneration we use the fan Σ˜ in NR ⊕ R ⊕ R defined by
the corner locus of the following piecewise linear function:
Ψ(x, λ, µ) := Φ(x, λ) + Φ′(x, µ).
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Now if
(x, λ, µ) ∈ |Σ˜|
then Ψ is linear on
(x, λ, µ) + {0} × R2≥0.
Thus the projection
NR ⊕ R2 → R2
induces a map of fans from Σ˜ to the fan of A2. Define X˜ as the toric variety defined
by Σ˜ and
p˜i : X˜ → A2
as the toric morphism defined by the map of fans just described. The restriction of p˜i
to A1×Gm is described by the intersection of Σ˜ with NR×R×{0}. This intersection
is the corner locus of
Ψ|NR×R×{0}.
But
Ψ(x, λ, 0) = Φ(x, λ),
so this corner locus defines C(P). Thus
p˜i|A1×Gm = pi × idGm .
Analogously we conclude
p˜i|Gm×A1 = idGm ×pi′

With the construction of Lemma 7.7 we are now in position where we can refer to
[NS] to show that our moduli space of log corals (or of their extensions to log maps in
U0) has cardinality equal to the count of tropical corals.
Theorem 7.8. Let N trop∆,λ,ρ be the count of tropical corals defined as in Equation 2.7 and
N log∆,λ,ρ be the count of log corals defined in 5.15. Then,
N log∆,λ,ρ = N
trop
∆,λ,ρ
Proof. The polyhedral decomposition P˜ of R2 defined in 7.1, such that U → A1 is the
associated degeneration, is regular by inspection. Recall the polyhedral decomposition
P˜ ′, we defined at the beginning of this section, containing all extended tropical curves
of degree ∆ and matching asymptotic constraint λ in its 1-skeleton, whose associated
degeneration is W → A1. By further refinement and rescaling we may assume that P˜ ′
is integral and regular. Lemma 7.7 now provides a two-parameter degeneration
p˜i : X˜ −→ A2
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isomorphic to pi : U → A1 over 1 × A1 and to the degeneration pi′ : W → A1 defined
by P˜ ′ over A1 × {1}. For the latter degeneration, the log constraints ρ translate into
point constraints along with multiplicities along toric divisors on the general fibre of pi′.
This is the situation treated in the refinement [GPS] of [NS]. Hence all log curves in
the central fibre (W0,MW0) are torically transverse ([NS], Defn 4.1) and the relevant
moduli space of log curves with incidence conditions consists of N trop∆,λ reduced (and
unobstructed) points. By unobstructedness of deformations, the same statement is
then true for log maps to a general fibre of pi′, or of p˜i. By deformation invariance
of log Gromov-Witten invariants we obtain the same virtual count by looking at the
central fibre (U0,MU0) of pi, as a log space over the standard log point. But in fact,
by the same arguments as in [NS] it can be easily shown that this moduli problem is
unobstructed, and hence the moduli space L˜∆,λ,ρ of extended log maps is a finite set
of cardinality equal to the log Gromov-Witten invariant. Finally, in Theorem 7.6 we
have established a bijection between L˜∆,λ,ρ and L∆,λ,ρ, giving the claimed result. 
8. The Z-quotient
In this section we show the correspondence between log corals f : C† → Y0† where
Y0 is the central fiber of degeneration of the unfolded Tate curve and the log corals
f˜ : (C˜,MC˜)→ (T˜0,MT˜0), where T˜0 is the central fiber of the degeneration of the Tate
curve obtained by taking the Z-quotient pi : Y0
/Z−→ T˜0 as explained in section §1.
Note that given a log coral f : C† → Y0†, one naturally obtains a log coral
f˜ = pi ◦ f : (C˜,MC˜)→ (T˜0,MT˜0)
In the following Theorem, we show that given a log coral f˜ : (C˜,MC˜) → (T˜0,MT˜0)
there is a lift of it to a log coral f : C† → Y0†.
Theorem 8.1. Let f˜ : (C˜,MC˜) → (T˜0,MT˜0) be a log coral fitting into the following
Cartesian diagram
(8.1) C˜ ×T˜0 Y0 /Z //
f

C˜
f˜

Y0
/Z
// T˜0
The fiber product C˜ ×T˜0 Y0 is isomorphic to a disjoint union of copies of C˜, that is
C˜ ×T˜0 Y0 =
∐
Z
C˜
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and f˜ =
∐
n∈Z Φn ◦f where Φn : Y0 → Y0 is the Z-action on Y0 induced by the Z-action
on the Mumford fan defined as in section 1.
Proof. It is enough to show that each connected component C ′ ⊂ C˜×T˜0Y0 is isomorphic
to C˜. This will follow from the fact that any e´tale proper map from a connected curve
to a nodal rational curve is an isomorphism.
The map pi : C˜ ×T˜0 Y0 → C˜ is e´tale since Y0 → T˜0 is e´tale, hence it is a local
isomorphism in the e´tale topology.
Claim: C ′ has finitely many irreducible components.
To prove the claim it is enough to show that pi−1(C˜) has finitely many irreducible
components, since C˜ has finitely many irreducible components by the definition of a
log coral. Let ΓC′ and ΓC˜ be the dual graphs of C
′ and C˜ respectively. That is, the
graph obtained by replacing each irreducible component by a vertex, each node by a
bounded edge and each marked point by an unbounded edge. The map pi|C′ : C ′ → C˜
induces a map
Γpi : ΓC′ → ΓC˜
which is a local isomorphism. So, for every vertex v ∈ ΓC′ , the restriction Γpi|Star(v)
is an isomorphism onto Star(Γpi(v))
6. Since ΓC′ is connected and ΓC˜ is a tree, Γpi
is a covering map. As any covering map factors through the universal covering and
the fundamental group pi1(ΓC) = 0, it follows that Γpi is an isomorphism. Hence, the
number of vertices of ΓC′ is finite and the claim follows. This shows that the map
pi|C′ : C ′ → C˜ is proper.
By the Hurwitz formula we have pi∗wC˜ = wC′ where wC˜ and wC′ denote the canonical
bundles over C and C ′ respectively. Applying the Riemann Roch Theorem for nodal
curves, we obtain
2g − 2 = degwC′ = d · deg(wC˜) = −2d
where g = g(C ′) = 0 as each component of C ′ is a copy of P1 and the dual graph is a
tree. Hence, d = 1. Therefore, pi|C′ : C ′ → C˜ is an isomorphism. 
We will now discuss how to translate our results on the (degenerate) unfolded Tate
curve to its Z-quotient, hence to the degenerate Tate curve T˜0. Note that as a scheme,
T˜0 is the product of a nodal elliptic curve E with A1.
Let us first set up the counting problem on the tropical side. Denote the correspond-
ing affine manifold by B = CS1, which topologically is S1 × R≥0.
Each direction of positive or negative ends (the directions associated to positive edges
and to edges adjacent to negative vertices of a coral graph) that enter the definition of
6For any vertex v, Star(v) denotes the subgraph consisting of the vertex v, edges containing v and
their vertices
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the degree of a tropical coral is now only defined up to the Z-action. Thus specifying
a degree ∆ on B amounts to choosing an equivalence class under the Z-action of the
corresponding data on B = CR. If for given degree ∆ and asymptotic constraint ρ on
B, we look at tropical corals with a fixed number of positive and negative ends, but
each direction and asymptotic constraint restricted only to an equivalence class under
the Z-action, there will always be infinitely many such tropical corals or none. Indeed,
given any tropical coral fulfilling the given constraints on its ends, the composition with
the action of any integer on B will produce another one. These tropical corals related
by the Z-action induce equal tropical objects on B. Thus we should rather restrict to
Z-equivalence classes of tropical corals. A simple way to break the Z-symmetry is to
choose one representant of the Z-equivalence class of directions of one of the ends, say
the first one.
Another source of infinity in the count is more fundamental and is part of the nature
of the problem. It is related to the fact that the counting problem in symplectic
cohomology produces an infinite sum with single terms weighted by the symplectic
area of the pseudo-holomorphic curve with boundary. The logarithmic analogue runs
as follows. For a log coral f : C† → Y †0 look at the underlying scheme theoretic
morphisms and take the composition
C → Y 0 → X0 = E × A1
where E is the elliptic curve. This morphism extends uniquely to a morphism
C˜ → E × P1
from a complete curve C˜ to E×P1. The algebraic-geometric analogue of the symplectic
area is the degree of the composition
C˜ → E × P1 → E.
Since “degree” is already taken for something else, let us call the degree of C˜ → E the
log-area of the log coral. For a fixed log-area A, the moduli space of log corals of given
degree ∆, degeneration order λ and log constraint ρ is then again finite. Denote the
corresponding cardinality by
N∆,λ,ρ(A).
We may then define the count of log corals on (X0,MX0) as the formal power series
(8.2) N log∆,λ,ρ(X0,MX0) =
∑
A∈N
N∆,λ,ρ(A)q
A ∈ C[q].
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The tropical analogue of the area is given by a tropical intersection number ([AR]) as
follows. For each vertex (a · b, 1) of Pb we have the line
La = R · (a, 1) ⊂ NR
through the origin. Each tropical coral has a well-defined intersection number with La.
Define the tropical area of a tropical coral as the sum of the intersection numbers of
its extension to a tropical curve in NR with La, for all a ∈ Z. The tropical intersection
number bounds the number of crossings of the tropical coral with unbounded 1-cells
of the polyhedral decomposition of B. Hence, with the Z-action moded out as before,
we also obtain a finite tropical count
N trop∆,λ (A)
of tropical corals in CB of fixed tropical area A for tropical corals of fixed degree ∆
and matching ageneral asymptotic constraint λ. We then have the following tropical
analogue of Equation (8.2)
N trop∆,λ (CB) =
∑
A∈N
N trop∆,λ (A)q
A ∈ C[q].
where N trop∆,λ (CB) denotes the count of tropical corals in CB with degree ∆, matching
the asymptotic constraint λ. Our results on the unfolded Tate curve readily give
N trop∆,λ (A) = N
log
∆,λ,ρ(A)
for any A ∈ N, ∆, λ and ρ. Summing over A ∈ N we obtain our main result for the
Tate curve:
Theorem 8.2. N log∆,λ,ρ(X0,MX0) = N trop∆,λ (CB).
Hence, we have the equivalence of the tropical count of corals in CS1 and log corals
in X0.
9. The punctured invariants of the central fiber of the Tate curve
In this section we will establish the correspondence of log corals on the central fiber
of the degeneration of the Tate curve and punctured log maps on the central fiber of
the Tate curve ([ACGS], [GS6]). We just outline the definitions of punctured invariants
by adopting the general machinery of ([ACGS]) to our situation.
As discussed in section 8, since log corals on the Tate curve lift to the unfolded Tate
curve, for convenience we again work on the unfolded case and show the correspondence
between log corals f : C† → Y0† and punctured log maps f ◦ : (C◦,MC◦)→ (X0,MX0).
Throughout this section we will restrict our attention to general log corals. The
following proposition states an important property for such corals.
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Proposition 9.1. Let f : C† → Y0† be a general log coral and let C ′ ⊂ C be a non-
complete component. Then, the map pr2 ◦f˜|C′ : C ′ ∼= A1 → P1 defined as in 5.4 is
constant.
Proof. Let f˜(z) : P1 → P1 be the extension of pr2 ◦f˜|C′ : C ′ ∼= A1 → P1 as in 5.4. If f
is non-transverse at C ′, the result follows trivially. Assume f is transverse at C ′, then(
f˜|C′(C ′) ∩ (Y0)s=0
) ⊂ P1 \ {0,∞}
where by {0,∞} we denote the lower dimensional toric strata in P1. Furthermore,
by the asymptotically parallel condition (5.7) that the point at infinity intersects the
divisor at infinity at a point
f˜C′(∞C′) = q∞ ∈ C× ⊂ P1
Hence we have f˜(C ′ ∪ {∞C′}) ∈ P1 \ {0}. Since a morphism from a complete variety
to an affine variety is constant, φ˜(z) is constant, hence the result follows. 
Thus, the non-complete components C ′ ⊂ C do not carry any additional information
except at the position of the node q∞. Hence, we can trade the whole component f˜|C′
by f(q) = f(C ′) ∩ (Y0)s=0 which will carry us to X0 = (Y0)s=0. On the tropical side
this corresponds to restricting the tropicalization h : Γ → CR of f : C† → Y0† to
h−1(CR \ ∂(CR)).
Definition 9.2. Let h : Γ→ CR be a tropical coral. The restriction
h◦ := h|h−1(CR\∂(CR)) : Γ◦ → CR \ ∂(CR)
is called the restricted tropical coral.
Note that omitting the vertices corresponding to the non-complete components of
a log coral trades each non-complete component C ′ ⊂ C with a marked point on the
P1-component adjacent to C ′ on the scheme-theoretic level. Let f : C† → Y0† be a log
coral and let Ck ⊂ C for k = 1, . . . ,m be the non-complete components of C such that
C =
m∐
k=1
C ′k qpk C˜
where for each k = 1, . . . ,m there exists a single point pk ∈ C ′k
⋂
C˜.
To investigate the punctured log Gromow-Witten invariants
f˜ : (C˜,M◦
C˜
)→ (X0,MX0))
we first need to define a suitable log structure α◦ : M◦
C˜
→ OC˜ , which we will do by
using two log structures on C˜ that we are already familiar with.
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First note that since C† → (SpecC,N⊕C×) is a smooth log curve over the standard
log point (SpecC,N ⊕ C×) so is (C˜,MC˜). Consider each marked point pk ∈ C˜ as a
smooth section pk : SpecC→ C˜. Around each pk, the log structureMC˜ on C˜ is given
as in (5.3, (iii)). Away from points pk, define αC˜ :MC˜ → OC˜ as the restriction of the
log structure α :MC → OC on C to C˜.
We have a second familiar log structure on C˜ described by the divisorial log structure.
Observe that the images im(pk) ⊆ C˜ under the maps pk : SpecC→ C˜ define a Cartier
divisor in C˜ and hence associated to C˜ there is the divisorial log structure which we
denote by αP : P → OC˜ where P denotes the sheaf of monoids on C˜ which is given by
the regular functions on C˜ vanishing at D :=
⋃
k pk ∈ C˜.
Now, we can define M◦
C˜
as follows. Let M◦
C˜
⊆ MC˜ ⊕O×
C˜
P gp be the sheaf of
monoids on C˜ such that a section s of MC˜ ⊕O×
C˜
P gp over an e´tale open set U → C˜
is a section of M◦
C˜
if for all x ∈ U and representatives (tx, t′x) ∈ MC˜,x ⊕O×
C˜
P gpx
of sx ∈ (MC˜ ⊕O×
C˜
P gp)
x
, we have t′x ∈ Px unless αC˜(tx) = 0 ∈ OC,x×. By this
construction we obtain M◦
C˜
as the largest subsheaf of MC˜ ⊕O×
C˜
P gp to which the sum
of homomorphisms αC˜ : MC˜ → OC˜ and αP : P → OC extends. The morphism
α◦ :M◦
C˜
→ OC˜ is then given by
α◦
C˜
:M◦
C˜
→ OC˜
(t, t′) 7→ αC˜(t) · αP (t′)
where the product is interpreted to be zero if αC˜(t) = 0, even if αP (t
′) is undefined.
Remark 9.3. Punctured curves can have negative contact orders. Given a log morphism
f : (C˜,M◦
C˜
)→ (X0,MX0) we obtain a composed map
upk :MX0,f(pk) →M◦C˜,pk ⊆ N⊕ Z
pr2−−→ Z
This is clearly analogous to the case in the non-punctured situation, but now it is
possible that the image of up does not lie in N but in N.
We define incidence conditions for punctured maps f˜ : (C˜,M◦
C˜
) → (X0,MX0)
analogously to the case of extended log corals as in 7.4. Define ∆◦ := ∆˜, λ◦ := λ˜. A
slight difference occurs in the definition of the log constraint ρ˜ := (ρ˜, ρ˜). We define
ρ◦ := (ρ◦, ρ◦) such that ρ◦ := ρ˜. Note that, one needs to pay attention to the definition
of ρ◦ as the marked points pj ∈ Cej on extended log corals in the punctured situation
are traded by marked points pk on the P1-component connected to the non-complete
component C ′k ⊂ C. Therefore the log constraint ρ◦ is the marked point position of
pk ∈ P1 which is identical with the virtual position of the point at infinity qkC′ of C ′k by
9.1.
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Denote the set of punctured log maps f˜ : (C˜,M◦
C˜
)→ (X0,MX0) matching (∆◦, λ◦, ρ◦)
by L◦∆◦,λ◦,ρ◦ .
Lemma 9.4. The forgetful map
L∆,λ,ρ −→ L◦∆◦,λ◦,ρ◦
f 7→ f˜
is a bijection.
Proof. We need to show given a punctured map f˜ : (C˜,M◦
C˜
) → (X0,MX0), we can
extend it to a log coral f : C† → Y0†. As a scheme theoretic morphism define f by
f =
{
f˜ on C˜ ↪→ C
f˜(pk) on each Ck ∼= A1 ⊂ C \ C˜
The map f naturally lifts to a log morphism (for details see [ACGS]). 
While the theory of punctured maps and its applications is still under development,
the deformation theory with punctured point constraints has been worked out in a
preliminary version of [ACGS]. This version suggests that the punctured stable maps
in L◦∆◦,λ◦,ρ◦ are unobstructed. The bijection in Lemma 9.4 then proves the equality of
our count of log corals with a punctured Gromov-Witten invariant on the central fibre
T0 of the Tate curve. Further details shall appear elsewhere.
References
[AGS] M. Abouzaid, M. Gross, B. Siebert, work in progress.
[A] H. Argu¨z, “Floer theory for the Tate curve via tropical geometry”, Oberwolfach reports no
23 (2015), 36–39.
[A2] H. Argu¨z, “Log geometric techniques for open invariants in mirror symmetry”, Uiversity of
Hamburg (2016), 148 pg, http://ediss.sub.uni-hamburg.de/volltexte/2017/8277/.
[AC] D. Abramovich, Q. Chen: Stable logarithmic maps to Deligne Faltings pairs II,
arXiv:1102.4531 (2011).
[AR] Allerman L., Rau J: First steps in tropical intersection theory., Mathematische zeitschrift
264.3 (2010): 633-670.
[ACGS] D. Abramovich, Q. Chen, M. Gross, B. Siebert. : Punctured logarithmic curves, in prepa-
ration, https://www.dpmms.cam.ac.uk/~mg475/punctured.pdf.
[APT] H. Argu¨z, D. Pomerleano, D. Tonkonog: Symplectic cohomology of mapping cylinders of
non-Hamiltonian symplectomorphisms, in preparation.
[C] P. Aspinwall, T Bridgeland, A. Craw, M. R. Douglas, M. Gross, A. Kapustin, G- W.
Moore, G. Segal, B. Szendro¨i, P. M. H. Wilson: Dirichlet branes and mirror symmetry,
Clay Mathematics Monographs, vol. 4, American Mathematical Society, Providence, RI,
(2009).
[F] O. Fabert,: Contact Homology of Hamiltonian Mapping Tori, arXiv:math/0609406
74 HU¨LYA ARGU¨Z
[F2] O. Fabert,: Higher algebraic structures in Hamiltonian Floer theory II,
http://de.arxiv.org/abs/1412.2682
[G] Gross M., Tropical geometry and mirror symmetry, http://www.math.ucsd.edu/~mgross/
kansas.pdf American Mathematical Soc.,(2011).
[GHK] Gross M, Hacking P, Keel S, Mirror symmetry for log Calabi-Yau surfaces I., Publications
mathmatiques de l’IHS 122.1 (2015): 65-168.
[GHKS] Gross M, Hacking P, Keel S, Siebert B, Theta functions on varieties with effective anti-
canonical class arXiv preprint arXiv:1601.07081.
[GPS] M. Gross, R. Pandharipande, B. Siebert: “The tropical vertex”, Duke Math. J. 153 (2010),
297–362.
[GM] Gathmann A., Markwig H., “The numbers of tropical plane curves through points in general
position,” J. Reine Angew. Math. 602, 155-177,(2007).
[Gr] Grothendieck A., “ E´lements de ge´ome´trie alge´brique. III.,” II. Inst. Hautes Etudes Sci.
Publ. Math, (17),(1963).
[GS1] M. Gross, B. Siebert: Mirror symmetry via logarithmic degeneration data I, J. Differential
Geom. 72 (2006), 169–338.
[GS2] M. Gross, B. Siebert: From real affine to complex geometry, Ann. of Math. 174 (2011),
1301–1428.
[GS3] M. Gross, B. Siebert: An invitation to toric degenerations, Surv. Differ. Geom. 16, 43–78,
Int. Press 2011.
[GS4] M. Gross, B. Siebert: Logarithmic Gromov-Witten invariants, JAMS. 26 (2013), 451–510.
[GS5] M. Gross, B. Siebert: Theta functions and mirror symmetry, arXiv:1204.1911 [math.AG].
[GS6] M. Gross, B. Siebert: Intrinsic Mirror symmetry, preprint https://arxiv.org/pdf/1609.
00624.pdf, to appear in the proceedings of the 2015 Summer Research Institute on Alge-
braic Geometry, University of Utah, Salt Lake City, Utah.
[GS7] M. Gross, B. Siebert: Affine manifolds, log structures and mirror symmetry, Turkish Jour-
nal of Mathematics 27.1 (2003): 33-60.
[I] L. Illusie: Ge´ome´trie logarithmique, http://math.harvard.edu/∼tdp/Illusie-
Log.geometry.lecture.notes-single-page.pdf,.
[JL] J. Li: Stable morphisms to singular schemes and relative stable morphisms, J. Differential
Geom 57, (2000) 509?578.
[Kk] K. Kato: Logarithmic structures of Fontaine-Illusie , Baltimore, MD, (1989), 191 - 224.
[Kf] F. Kato: Log smooth defomration and moduli of log smooth curves , International J.
Math, 11(2000), 215 - 232.
[Kf] Kato F., Relative log Poincare´ lemma and relative log de Rham theory, Duke Math. J., 93
(1998) 179 - 206.
[KN] Kato, Kazuya, and Chikara Nakayama, Log Betti cohomology, log e´tale cohomology, and
log de Rham cohomology of log schemes over C.,
[L] J. Li: A degeneration formula of GW-invariants, J. Differential Geom. 60 (2002), 199V293.
[M] G. Mikhalkin: Enumerative tropical geometry in R2, J. Amer. Math. Soc. 18 (2005), 313–
377.
[Mu] D. Mumford: An analytic construction of degenerating abelian varieties over complete rings,
Compositio Mathematica 24.3 (1972): 239-272.
LOG-GEOMETRIC INVARIANTS OF DEGENERATIONS 75
[NS] T. Nishinou and B. Siebert: Toric degenerations of toric varieties and tropical curves, Duke
Math. J. 135 (2006), 1–51.
[O] A. Ogus: Lectures on logarithmic algebraic geometry,
http://math.berkeley.edu/∼ogus(2006).
[V] C. Viterbo : Functors and Computations in Floer Homology with Applications, I, GAFA
9.5 (1999): 985-1033.
Imperial College London, email:harguz@ic.ac.uk
